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4Fruuhvsrqglqj dxwkru= Oxfd Odpehuwlql/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw|
ri Erorjqd/ Vwudgd Pdjjlruh 78/ 73458 Erorjqd/ Lwdo|1 Skrqh= .6<0384053<5933> id{=
.6<0384053<5997> h0pdlo= odpehuwlCvser1xqler1lw1
Devwudfw
Wklv sdshu surylghv d vxuyh| ri wkh olwhudwxuh rq pxowlsurgxfw upv xqghu hlwkhu
hqgrjhqrxv ru h{rjhqrxv surgxfw glhuhqwldwlrq1 Wkh pdlq dlp lv wr lghqwli|
wkh uhdvrqv zk| upv vxsso| surgxfw olqhv udwkhu wkdq vlqjoh jrrgv1 Idfwruv
shuwdlqlqj wr wkh ghpdqg vlgh/ vxfk dv eudqg or|dow| dqg vzlwfklqj frvwv/ duh
wuhdwhg khuh1 Pruhryhu/ wkh lqfhqwlyh wrzdugv surgxfw surolihudwlrq lv lqyhvwljdwhg
lq frqqhfwlrq zlwk wkh lvvxh ri wkh shuvlvwhqfh ri prqrsro|1 Wkh frqvhtxhqfhv ri
surgxfw surolihudwlrq rq vrfldo zhoiduh duh dovr glvfxvvhg1
MHO fodvvlfdwlrq= O45/ O46
Nh|zrugv= glhuhqwldwlrq/ surgxfw olqh/ surgxfw surolihudwlrq
4 Lqwurgxfwlrq
Wkh fkrlfh rq wkh sduw ri upv wr vxsso| surgxfw olqhv udwkhu wkdq vlqjoh jrrgv
lv frpprqo| revhuyhg lq vhyhudo pdunhwv1 Krzhyhu/ lqgxvwuldo hfrqrplvwv vwduwhg
lqyhvwljdwlqj wklv dvshfw ri upv* ehkdylrxu uhodwlyho| odwh1 Qhlwkhu wkh wkhru|
ri prqrsrolvwlf frpshwlwlrq/ qru wkh V|orv Odelql0Edlq0Prgljoldql sdudgljp/ ri0
ihuhg d vdwlvidfwru| ghvfulswlrq ri pdunhw lqwhudfwlrq dprqj pxowlsurgxfw upv
+iru d glvfxvvlrq/ vhh Urelqvrq/ 4<86,1 Wkh hduo| vwxglhv lq wklv gluhfwlrq mxvwlhg
wkh vxsso| ri surgxfw olqhv rq wkh jurxqgv ri surgxfwlrq frvwv= zlwklq wkh wkhru|
ri frqwhvwdeoh pdunhwv +Edxpro/ Sdq}du dqg Zloolj/ 4<;5,/ wkh h{lvwhqfh ri pxo0
wlsurgxfw upv vhhphg wr eh d frqvhtxhqfh ri hfrqrplhv ri vfrsh1 D vxedgglwlyh
frvw ixqfwlrq/4 frpelqhg zlwk wkh devhqfh ri vxqn frvwv/ zrxog pdnh lw rswlpdo
iru upv wr rshudwh rq vhyhudo pdunhwv/ vxsso|lqj vhyhudo jrrgv1
Krzhyhu/ wkh wkhru| ri frqwhvwdeoh pdunhwv ghyrwhv d olplwhg dprxqw ri dw0
whqwlrq wr ghpdqg0vlgh lqfhqwlyhv wrzdugv surgxfw surolihudwlrq1 Wklv lv wkh
ylhzsrlqw dgrswhg e| Eudqghu dqg Hdwrq +4<;7,/ zkr irfxv rq wkh lqwhusod| eh0
wzhhq frqvxphu*v ghpdqg iru glhuhqwldwhg jrrgv rq rqh vlgh/ dqg wkh vwudwhjlf
dqg whfkqrorjlfdo hhfwv dhfwlqj upv* ehkdylrxu/ rq wkh rwkhu vlgh1 Uho|lqj rq
d wkhruhwlfdo prgho zkhuh wkh dqdo|vlv frqqhv wr Frxuqrw frpshwlwlrq/ Eudqghu
dqg Hdwrq yhuli| wkdw upv* vwudwhjlf ghflvlrqv dv wr surgxfw udqjh dqg rxwsxw
ohyho pd| ohdg wr pdunhw htxloleuld zkhuh upv vxsso| surgxfw udqjhv fkdudf0
whulvhg e| d kljk ghjuhh ri vxevwlwxwdelolw|1 Wklv uhvxow lv ghulyhg xqghu wkh
dvvxpswlrq wkdw hdfk up*v surgxfw udqjh frqvlvwv lq d jlyhq qxpehu ri ydul0
hwlhv/ dqg lv wkhuhiruh vxemhfw wr d idluo| qdwxudo fulwltxh/ qdpho|/ wkdw upv pd|
hqgrjhqrxvo| dowhu wkh vsdq ri wkhlu surgxfw udqjh iru vwudwhjlf uhdvrqv15 Wklv lv
wkh urxwh wdnhq e| vhyhudo vxevhtxhqw frqwulexwlrqv +Zhuqhuihow/ 4<;9> Gh Iudmd/
4<<5,1
Zh lqwhqg wr vxsso| d vxppdu| ri wkh dgydqfhv dfklhyhg e| wkh olwhudwxuh rq
pxowlsurgxfw upv/ xqghu wkh dowhuqdwlyh dvvxpswlrqv ri h{rjhqrxv dqg hqgrjh0
qrxv surgxfw glhuhqwldwlrq/ hpskdvlvlqj lq sduwlfxodu wkh lqfhqwlyhv wrzdugv
surgxfw surolihudwlrq rq wkh ghpdqg vlgh1 Wklv lpsolhv wkdw zh zloo qrw surfhhg
wr d ghwdlohg looxvwudwlrq ri +l, vxsso|0vlgh lqfhqwlyhv6 +dowkrxjk wkh| zloo srs
xs rffdvlrqdoo| lq wkh uhpdlqghu ri wkh vxuyh|,> dqg +ll, wkh irxqgdwlrqv ri wkh
4Ohw {l ghqh wkh rxwsxw ohyho ri jrrg l= D frvw ixqfwlrq F+{l, lv vxedgglwlyh li F+{l.{m, 
F+{l, .F+{m,> iru doo {l dqg {m=
5Wklv lghd lv forvho| uhodwhg wr wkh olwhudwxuh rq hqgrjhqrxv glhuhqwldwlrq +Kd|/ 4<:9>
Suhvfrww dqg Ylvvfkhu/ 4<::> Hdwrq dqg Olsvh|/ 4<:;> Odqh/ 4<;3> Mxgg/ 4<;8> Erqdqqr/ 4<;:,/
zkhuh upv pd| dgrsw surgxfw surolihudwlrq dv d iruhforvxuh vwudwhj|1 Wklv ylhz kdv irxqg
vrph hpslulfdo vxssruw +Vfkpdohqvhh/ 4<:;,1
6Zh uhihu wkh uhdghu wr wkh vhplqdo frqwulexwlrqv gxh wr Sdq}du dqg Zloolj +4<;4,> Edxpro/
Sdq}du dqg Zloolj +4<;5,> ru wr wkh h{kdxvwlyh vxuyh|v e| Eurfn +4<;6, dqg Vshqfh +4<;6,1
4
wkhru| ri pxowlsurgxfw upv/ jxdudqwhhlqj wkh h{lvwhqfh ri htxloleulxp17
Wkh wkhru| ri pxowlsurgxfw upv kdv hyroyhg dorqj irxu pdlq olqhv ri uhvhdufk1
Wkh uvw lv pdunhg e| d fohdu khulwdjh iurp wkh wkhru| ri frqwhvwdeoh pdunhwv=
upv fkrrvh wkh vsdq ri wkh surgxfw olqh rq wkh edvlv ri wkh wudghr ehwzhhq
hfrqrplhv ri vfrsh dqg vfdoh/ exw wkh| duh xqdeoh wr fkrrvh wkh fkdudfwhulvwlfv
ri surgxfwv1 Wkh vhfrqg frqvlghuv hqgrjhqrxv glhuhqwldwlrq/ lqwurgxflqj wkxv d
wudghr ehwzhhq vshfldolvdwlrq dqg wkh delolw| wr glvfulplqdwh dprqj frqvxphuv
zlwk glhuhqw lqfrphv dqg suhihuhqfhv1 Wkh wklug irfxvhv rq wkh lvvxh ri wkh shu0
vlvwhqfh ri prqrsro| lq vhwwlqjv zkhuh wkh hqwu| ri qhz upv lv frqglwlrqdo xsrq
wkh dftxlvlwlrq ri surgxfwlrq uljkwv ryhu qhz ydulhwlhv1 Wkh irxuwk lqwurgxfhv wkh
lghd wkdw frqvxphuv pd| ehdu vzlwfklqj frvwv/ hlwkhu uhdo ru shufhlyhg dv vxfk/
uhodwhg wr wkh sxufkdvh ri surgxfw olqhv1 Frqvhtxhqwo|/ frqvxphuv* eudqg or|dow|
fdq eh vr kljk wkdw wkh| sxufkdvh jrrgv iurp rqh up rqo|1 Wkh vzlwfklqj frvwv
dssurdfk doorzv wr qhvw wkh iruphu wkuhh dssurdfkhv lqwr d xqltxh slfwxuh1
Wkh uhpdlqghu lv vwuxfwxuhg dv iroorzv1 Vhfwlrqv 5 dqg 6 frqwdlq d uhylhz ri
Eudqghu dqg Hdwrq +4<;7,/ zkhuh surgxfw vxevwlwxwdelolw| lv dq h{rjhqrxv sd0
udphwhu/ dqg qr eudqg or|dow| hhfw lv rshudwlqj1 Hqgrjhqrxv glhuhqwldwlrq lv
ghdow zlwk lq vhfwlrqv 709/ frqvlghulqj erwk prghov ri krul}rqwdo glhuhqwldwlrq
+Erqdqqr/ 4<;:> Pduwlqh}0Jludow dqg Qhyhq/ 4<;;, dqg prghov ri yhuwlfdo gli0
ihuhqwldwlrq +Pxvvd dqg Urvhq/ 4<:;> Fkdpsvdxu dqg Urfkhw/ 4<;</ lqwhu dold,1
Wkh vwudwhjlf xvh ri surgxfw surolihudwlrq/ zlwk ru zlwkrxw dq h{solflw ghvfuls0
wlrq ri U)G frpshwlwlrq/ lv dqdo|vhg lq vhfwlrq : +Jloehuw dqg Qhzehu|/ 4<;5>
Vkdnhg dqg Vxwwrq/ 4<<3,1 Vhfwlrq ; uhylhzv wkh olwhudwxuh rq vzlwfklqj frvwv
+Nohpshuhu/ 4<<5> 4<<8,1 Frqfoxglqj uhpdunv duh lq vhfwlrq <1
5 Ghpdqg0vlgh yv vfdoh hfrqrplhv dqg wkh rswlpdo surg0
xfw olqh
Wkh frqwulexwlrq e| Eudqghu dqg Hdwrq +4<;7, lv forvho| uhodwhg wr wkh frq0
whvwdelolw| wkhru|/ exw iru wkh idfw wkdw wkh| dedqgrq wkh dvvxpswlrq ri vfrsh
hfrqrplhv lq surgxfwlrq/ dqg lqwurgxfh dq dqdorjrxv dvvxpswlrq frqfhuqlqj gh0
pdqg/ lq rughu wr lqyhvwljdwh wkh lqwhudfwlrq ehwzhhq wklv dqg hfrqrplhv ri vfdoh
lq ghwhuplqlqj wkh upv* rswlpdo fkrlfhv ri wkhlu uhvshfwlyh surgxfw olqhv1
Frqvlghu d gxrsro| zkhuh hdfk up surgxfhv wzr jrrgv1 Wkh dydlodeoh jrrgv
duh lqgh{hg 4/ 5/ 6 dqg 71 Vxssrvh hdfk jrrg lq wkh sdluv Ec 2 dqg Ec e duh
forvh vxevwlwxwhv iru wkh rwkhu jrrg lq wkh vdph sdlu/ zkloh sdluv Ec / Ec e/
E2c  dqg E2c e duh iruphg e| zhdno| vxevwlwxwh jrrgv1 Wr ghwhuplqh wkh h{whqw
ri vxevwlwxwdelolw|/ h{dplqh wkh lqyhuvh ghpdqg ixqfwlrqv1 Ghqh R wkh pdunhw
7
Dv wr wkh wkhruhpv rq frqfdylw| ri wkh surw ixqfwlrq dqg wkh h{lvwhqfh ri htxloleulxp lq
erwk shuihfwo| dqg lpshuihfwo| frpshwlwlyh pdunhwv zlwk pxowlsurgxfw upv/ vhh PdfGrqdog
dqg Volylqvn| +4<;:,> Rnxjxfkl dqg V}lgduryvn| +4<<3,> Dqghuvrq dqg gh Sdopd +4<<5,> Gh
Iudmd +4<<7,1
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sulfh ri ydulhw| / dqg % wkh ghpdqg iru wkh vdph ydulhw|1 Wkh ghpdqg yhfwru
lv wkxv f ' E%c %2c %c %e Wkh lqyhuvh ghpdqg ixqfwlrq iru jrrg  zulwhv R '
RE%c %2c %c %e ' REf Qrz ghqh=
R '
YR
Y%
( R& '
YR
Y%&
( R '
YR
Y%
1 +4,
Li zh vd|/ h1j1/ wkdw jrrgv 4 dqg 5 duh uhflsurfdoo| forvhu vxevwlwxwhv wkdq jrrgv
4 dqg 6/ zh phdq wkdw wkh uhdfwlrq ri R wr d yduldwlrq lq %2 lv/ lq devroxwh ydoxh/
odujhu wkdq wkh uhdfwlrq ri R wr d fkdqjh lq % Khqfh/ lq jhqhudo/ zh fdq vwdwh
wkdw mRm : mR&m li  dqg  duh forvh vxevwlwxwhv zkloh  dqg & duh zhdn vxevwlwxwhv1
Dv wr surgxfwlrq whfkqrorj|/ hdfk up ehduv d vxqn frvw & iru hdfk ydulhw|1
Wkh xqlw yduldeoh frvw lv dvvxphg wr eh frqvwdqw/ dqg wkh wrwdo frvw ri surgxflqj
% xqlwv ri ydulhw|  lv=
 ' S% n & +5,
Iurp +5,/ lw iroorzv wkdw dyhudjh surgxfwlrq frvw lv ghfuhdvlqj=
 '

%
' Sn
&
%
1 +6,
Qrwlfh wkdw wklv frvw ixqfwlrq lv qrw vxedgglwlyh1 Khqfh/ surgxfw olqh ghflvlrqv
ghshqg vroho| xsrq wkh lqwhudfwlrq ehwzhhq ghpdqg lqfhqwlyhv dqg hfrqrplhv ri
vfdoh1 Dv dq looxvwudwlrq/ frqvlghu uvw wkh ehkdylrxu ri d prqrsrolvw1
514 Wkh prqrsrolvw*v rswlpdo surgxfw olqh
Iluvw ri doo/ lw fdq eh hvwdeolvkhg wkdw/ li wkh prqrsrolvw ghflghv wr rhu wzr
surgxfwv/ vkh zloo qg lw surwdeoh wr vxsso| lpshuihfw vxevwlwxwhv1 Wr judvs wkh
lqwxlwlrq dw wkh edvlv ri wklv uhvxow/ vxssrvh wkh prqrsrolvw surgxfhv jrrgv 4 dqg
5/ zklfk duh forvh vxevwlwxwhv/ dqg ohw % ' %2 Qrz/ iru d jlyhq %/ lpdjlqh wkdw
wkh prqrsrolvw vzlwfkhv iurp jrrg 5 wr jrrg 6/ zlwk % ' %2 ' % Ghqh wkh
wzr surgxfw yhfwruv dv f  ' E%c %2c fcf dqg f ' E%c fc %c f1 Wkh hhfw ri
wkh yduldwlrq lq wkh surgxfw yhfwru rq wkh sulfh ri jrrg 4 lv
{R ' REf R


Ef  +7,
Wkh phdq ydoxh wkhruhp +vhh Urvhqolfkw/ 4<9;, doorzv xv wr uhzulwh +7, iru d
yhfwru fW 5 df cfoc dv iroorzv=
{R ' dREf
W R2Ef
Wo% c  ' c 2c  +8,
Vlqfh R 	 R& 	 fc wkh sulfh yduldwlrq revhuyhg iru jrrg 4 pxvw eh srvlwlyh1
E| v|pphwu|/ wklv pxvw krog iru ydulhw| 5 dv zhoo1 Frqvhtxhqwo|/ iru d jlyhq
sdlu ri rxwsxw ohyhov/ erwk sulfhv dqg surwv pxvw lqfuhdvh1 Khqfh/ wkh wzr0
surgxfw prqrsrolvw/ lq wkh devhqfh ri hqwu| wkuhdwv/ qgv lw rswlpdo wr vxsso| wzr
6
ydulhwlhv fkdudfwhulvhg e| orz vxevwlwxwdelolw|1 Grlqj rwkhuzlvh zrxog lqfuhdvh
sulfh frpshwlwlrq zlwk khu rzq surgxfw udqjh1
Wr yhuli| wklv uhvxow/ frqvlghu wkh iroorzlqj ghpdqg ixqfwlrqv +Vlqjk dqg
Ylyhv/ 4<;7,=
R' @ %  _%2  }E% n %e +9,
R2' @ %2  _%  }E% n %e
R' @ %  _%e  }E% n %2
Re' @ %e  _%  }E% n %2 c
zkhuh sdudphwhuv f 	 } 	 _ 	  phdvxuh wkh ghjuhh ri vxevwlwxwdelolw| ehwzhhq
surgxfwv1 Lq sduwlfxodu/ sdudphwhu _ phdvxuhv wkh vxevwlwxwdelolw| ehwzhhq jrrgv
4 dqg 5 ru jrrgvv 6 dqg 7/ zkloh sdudphwhu } phdvxuhv wkh vxevwlwxwdelolw| zlwklq
sdluv Ec c Ecec E2c  dqg E2c e1 Vxssrvh wkh prqrsrolvw vxssolhv d sdlu ri
forvh vxevwlwxwhv/ h1j1/ surgxfwv 4 dqg 51 Lq wklv fdvh/ % ' %e ' f dqg wkh surw
ixqfwlrq lv Z ' ERS%nER2S%22& Wkh vroxwlrq ri uvw rughu frqglwlrqv
+IRFv,
YZ
Y%
' @ S 2%  2_% ' fc c  ' c2(  9'  +:,
lv % ' %2 ' E@ S*d2E n _oc dqg wkh uhvxowlqj surwv duh Z

' E@ S2*d2En
_o 2& Wkh vdph rewdlqv li wkh prqrsrolvw vxssolhv jrrgv 6 dqg 71 Uhsodflqj
_ zlwk } lq rxwsxw ohyhov dqg surwv jlyhv wkh htxloleulxp pdjqlwxghv zkhq wkh
prqrsrolvw surgxfhv dq| sdlu ri wkh vhw iEc c Ec ec E2c c E2c ej1 Dv } 	 _c
revhuylqj wkdw prqrsro| surwv duh lqyhuvho| uhodwhg wr wkh ghjuhh ri vxevwl0
wxwdelolw| vx!fhv wr frqup wkh deryh frqfoxvlrqv1
515 Wkh gxrsrolvwv* rswlpdo surgxfw olqhv
Gxrsro| frpshwlwlrq wdnhv sodfh lq wkuhh vwdjhv1 Lq wkh uvw/ hdfk up gh0
flghv krz pdq| surgxfwv wr vxsso|> wklv fkrlfh dhfwv wkh h{sorlwdwlrq ri vfdoh
hfrqrplhv1 Lq wkh vhfrqg/ hdfk upv fkrrvhv zklfk surgxfwv wr vxsso|/ rq wkh
edvlv ri wkhlu uhflsurfdo vxevwlwxwdelolw|1 Lq wkh wklug/ pdunhw frpshwlwlrq wdnhv
sodfh/ hlwkhu lq txdqwlwlhv ru lq sulfhv1 Lq sulqflsoh/ rqh fdq lpdjlqh wkdw wkhvh
ghflvlrqv pd| eh wdnhq hlwkhu vhtxhqwldoo| ru vlpxowdqhrxvo|1 Krzhyhu/ upv* eh0
kdylrxu lq wkh uhdo zruog vxjjhvwv wkdw ghflvlrqv frqfhuqlqj surgxfw olqh vkrxog
suhfhgh wkrvh uhodwhg wr wkh pdunhwlqj vwdjh18 Wkh vroxwlrq frqfhsw ri wkh zkroh
jdph lv wkh vxejdph shuihfw htxloleulxp e| edfnzdug lqgxfwlrq +Vhowhq/ 4<:8,1
Iru wkh vdnh ri vlpsolflw|/ ohw*v e|sdvv wkh uvw vwdjh dqg irfxv rq wkh pruh
uhohydqw fdvh/ zkhuh hdfk up vxssolhv wzr surgxfwv1 Odeho upv  dqg /
8Zh vwulfwo| iroorz wkh dxwkruv* surfhgxuh +Eudqghu dqg Hdwrq/ s1 658,1 Pruhryhu/ d
vhtxhqwldo vroxwlrq e| edfnzdug lqgxfwlrq hqvxuhv wkh h{lvwhqfh ri dq htxloleulxp lq sxuh
vwudwhjlhv1
7
dqg vxssrvh wkh| frpshwh lq txdqwlwlhv1 Li up  surgxfhv wkh sdlu Ec 2 dqg
up  surgxfhv wkh sdlu Ec ec zh kdyh zkdw Eudqghu dqg Hdwrq fdoo pdunhw
vhjphqwdwlrq1 Dowhuqdwlyho|/ hdfk up pljkw vxsso| d sdlu ri zhdnhu vxevwlwxwhv/
h1j1/ Ec  dqg E2c e Li vr/ surgxfw olqhv duh lqwhuodfhg1 Frqvlghu up *v surwv
lq wkh wzr vhwwlqjv/ vwduwlqj zlwk wkh vhjphqwdwlrq fdvh=
Z
7

' R% n R2%2  SE% n %2 2& +;,
Vxshuvfulsw 7 vwdqgv iru vhjphqwdwlrq1 Wkh IRF iru surw pd{lplvdwlrq zlwk
uhvshfw wr surgxfw 4 lv
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zkhuh- ' R%nR uhsuhvhqwv pdujlqdo uhyhqxh rq surgxfw 41 Vhfrqg rughu
frqglwlrqv +VRFv, duh
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Wkh IRF dqg VRFv iru jrrg 5 duh reylrxvo| dqdorjrxv wr +<043,/ zlwk wkh
dssursuldwh vxevfulswv1 E| v|pphwu|/ zh duh dovr deoh wr vwdwh wkdw up *v
IRF dqg VRFv duh dqdorjrxv wr +<, dqg +43044,/ uhvshfwlyho|1 Vroylqj wkhvh
frqglwlrqv |lhogv wkh Frxuqrw0Qdvk htxloleulxp shuwdlqlqj wr wkh wklug vwdjh1
Dv wkh prgho lv v|pphwulf/ doo txdqwlwlhv dqg sulfhv pxvw frlqflgh1 Eudqghu
dqg Hdwrq dvvxph ixuwkhu wkdw - 	 fc l1h1/ pdujlqdo uhyhqxh ri ydulhw|  lv
ghfuhdvlqj lq wkh rxwsxw ohyho ri ydulhw| / iru doo  dqg 1
Frqvlghu qrz wkh fdvh zkhuh up  vxssolhv jrrgv Ec 1 Wkh IRF z1u1w1
jrrg 4 ehfrphv
YZU

Y%
'- n R%  S ' fc +45,
zkhuh vxshuvfulsw U vwdqgv iru lqwhuodfhg1 Pxwdwlv pxwdqglv/ VRFv duh dv lq
+43044,1
Rq wkhvh jurxqgv/ lw fdq eh vkrzq wkdw pdunhw uhjlph 7 |lhogv kljkhu surwv
wkdq pdunhw uhjlph U1 Wr vhh wklv/ revhuyh wkdw lq uhjlph 7 doo jrrgv pxvw eh
vrog dw wkh vdph sulfh R7/ dqg olnhzlvh lq uhjlph U doo ri wkhp duh vrog dw sulfh RU 1
Wkhq/ zh kdyh wkuhh srvvleoh vlwxdwlrqv= hlwkhu RU ' R7( ru RU : R7( ru/ qdoo|/
RU 	 R7  Erwk wkh uvw dqg wkh vhfrqg fdvh ohdg wr d frqwudglfwlrq1 Frqvlghu wkh
uvw= li wkh htxloleulxp sulfhv zhuh wkh vdph lq uhjlphv U dqg 7/ dovr rxwsxw ohyhov
dqg frqvhtxhqwo| pdujlqdo uhyhqxhv zrxog frlqflgh1 Krzhyhu/ zh kdyh dvvxphg
wkdw R2 	 R 	 f( wkhuhiruh/ wkh frqglwlrqv iru rswlpd fdqqrw eh vdwlvhg e|
R
U
' R
7 Frqvlghu wkhq wkh vhfrqg fdvh/ l1h1/ RU : R7 Wklv zrxog lpso| %U 	 %7
8
dqg/ dv - pxvw eh qhjdwlyh/ lw zrxog dovr hqwdlo wkdw wkh pdujlqdo uhyhqxh
fkdudfwhulvlqj jrrg 4 lv kljkhu lq uhjlph U wkdq lq uhjlph 71 Djdlq/ xqghu wkh
dvvxpswlrq wkdw R2 	 R 	 fc frqglwlrqv +<, dqg +45, fdqqrw eh vdwlvhg1 Wkxv/
wkh rqo| sodxvleoh fdvh lv RU 	 R7 
H{dplqh qrz lqgxvwu| surwv  '
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dv/ e| +<,/ - n R2%2  S ' f Olnhzlvh/ Y*Y% 	 f dovr lq uhjlph Uc zkhuh
+45, krogv1 Lw dsshduv wkdw lqgxvwu| surwv ghfuhdvh dv dq| % lqfuhdvhv1 Lw iroorzv
wkdw/ jlyhq wkh frqfdylw| ri surwv z1u1w1 rxwsxw ohyhov/ lqgxvwu| surwv +dv zhoo
dv lqglylgxdo surwv, pxvw ghfuhdvh lq vzlwfklqj iurp 7 wr Uc dv rxwsxwv lqfuhdvh1
Lw lv srvvleoh wr fkhfn wkh ydolglw| ri wkhvh uhvxowv e| xvlqj ghpdqg ixqfwlrqv
+9, lqwurgxfhg lq wkh suhylrxv vxevhfwlrq1 Wr wklv dlp/ zh frpsduh vhwwlqj 7
zkhuh up  surgxfhv wkh sdlu Ec 2 dqg up  surgxfhv wkh sdlu Ec e/ zlwk
vhwwlqj U zkhuh up  surgxfhv wkh sdlu Ec dqg up  surgxfhv wkh sdlu
E2c e1 Fdofxodwlrqv duh txlwh vwudljkwiruzdug dqg duh ohiw wr wkh fxulrvlw| ri wkh
uhdghu1 Vlqfh wkh prgho lv frpsohwho| v|pphwulf/ zh frqqh rxu dwwhqwlrq wr wkh
lqfhqwlyh iru up  wrzdugv d vhjphqwhg pdunhw vwuxfwxuh/ phdvxuhg e|
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 Z
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Wkh glhuhqfh Z7
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' glivl lv sorwwhg djdlqvw _ dqg } lq jxuh 41 Vlqfh } 	 _c
jxuh 4 uhyhdov wkdw vwuxfwxuh 7 lv suhihuuhg wr vwuxfwxuh U lq wkh zkroh dgplvvleoh
udqjh ri sdudphwhuv1 Khqfh/ e| wkh v|pphwu| ri wkh prgho/ erwk upv suhihu 7
ryhu U Wkh ydolglw| ri wkh uhvxowv frqfhuqlqj lqgxvwu| surwv reylrxvo| iroorzv
iurp wklv revhuydwlrq1
Zh duh qrz lq d srvlwlrq wr lqyhvwljdwh surgxfw olqh ghflvlrqv1 Lq wklv vwdjh/
upv wdnh wkh qxpehu ri surgxfwv dv jlyhq dqg fkrrvh wkh frpsrvlwlrq ri wkh
surgxfw udqjh wr eh vxssolhg/ dqwlflsdwlqj Frxuqrw frpshwlwlrq dw wkh pdunhw
vwdjh1 H{dplqh uvw wkh fdvh zkhuh wkhvh fkrlfhv duh vlpxowdqhrxv1 D up*v
ehvw uhso| wr wkh fkrlfh ri wzr sduwlfxodu ydulhwlhv e| wkh ulydo frqvlvwv vlpso| lq
rhulqj wkh uhpdlqlqj wzr/ dqg dq| 2  2 sduwlwlrq ri wkh irxu0surgxfw vhw lv d
Qdvk htxloleulxp ri wklv vwdjh/ xqghu erwk uhjlphv1 Rwkhuzlvh/ li rqh up kdv
d uvw0pryhu dgydqwdjh/ vkh zloo vxuho| fkrrvh wr surgxfh wzr forvh vxevwlwxwhv/
lqgxflqj wkh ulydo wr wdnh dq dqdorjrxv ghflvlrq1 Khqfh/ vhjphqwdwlrq xqlyr0
fdoo| dulvh zkhq wkh vroxwlrq frqfhsw lv wkh Vwdfnhoehuj htxloleulxp1 Dv wr wkh
vhohfwlrq ehwzhhq Qdvk dqg Vwdfnhoehuj htxloleuld/ wkh idfw wkdw wkh Vwdfnhoehuj
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Iljxuh 4=
htxloleulxp Sduhwr0grplqdwhv doo srvvleoh Qdvk htxloleuld pdnhv lw dsshdu dv wkh
qdwxudo vroxwlrq ri wklv vwdjh/ lq wkdw erwk ohdghu dqg iroorzhu qg lw suhihudeoh
wr d Qdvk htxloleulxp19
Wkh ghflvlrq shuwdlqlqj wr wkh zlgwk ri wkh surgxfw olqh fdq eh qrz eulh |
fkdudfwhulvhg1 Lq wkh prvw xqiruwxqdwh flufxpvwdqfhv/ pdunhw ghpdqg zrxog eh
vr orz wkdw/ li d up qgv lw frqyhqlhqw wr rhu mxvw rqh surgxfw/ wkh ulydo grhv
qrw hqwhu wkh pdunhw dw doo1 Lq wkh rssrvlwh vlwxdwlrq/ pdunhw ghpdqg pljkw eh
vr kljk wkdw erwk upv zrxog qg lw rswlpdo wr rhu irxu surgxfwv hdfk1 Qrwlfh
wkdw wklv lv pdgh srvvleoh e| wkh dvvxpswlrq ri Frxuqrw frpshwlwlrq1 Xqghu
sulfh0vhwwlqj ehkdylrxu/ wklv zrxog hqwdlo }hur surwv1 Deryh zh irfxvhg rq wkh
htxloleuld dulvlqj zkhq ehvw uhsolhv dw wklv vwdjh duh v|pphwulf dqg lpsolhv wkh
vxsso| ri d surgxfw olqh frqvlvwlqj ri wzr ydulhwlhv e| hdfk up1 Wklv vlwxdwlrq
fdq eh h{shfwhg wr rewdlq zkhq ghpdqg lv qhlwkhu vr orz wr suhyhqw upv iurp
hqwhulqj/ qru vr kljk wr lqgxfh wkhp wr frpshwh khdg0wr0khdg ryhu wkh zkroh
surgxfw udqjh1
Lq vxppdu|/ Eudqghu dqg Hdwrq surylgh d vhw ri idluo| jhqhudo frqglwlrqv
xqghu zklfk vhjphqwdwlrq rewdlqv dw htxloleulxp1 Uhod{lqj wkh dvvxpswlrq wkdw
hdfk up vxssolhv wzr glhuhqwldwhg ydulhwlhv/ Zhuqhuihow +4<;9, frqvlghuv wkh
srvvlelolw| iru hdfk up wr rhu d vlqjoh vwdqgduglvhg jrrg vdwlvi|lqj +lpshuihfwo|,
doo frqvxphuv1 Zhuqhuihow qgv wkdw/ li frqvxphu wdvwhv duh krprjhqhrxv dqg wkh
ohyho ri shu surgxfw vxqn frvwv lv deryh d fulwlfdo wkuhvkrog/ wkh rswlpdo fkrlfh lv
9Wklv dssurdfk wr htxloleulxp vhohfwlrq uh hfwv wkh vwdwh ri wkh duw fkdudfwhulvlqj jdph
wkhru| lq wkh hduo| 4<;3v1 Wkh frqfhsw ri Vwdfnhoehuj0vroydeoh jdph/ l1h1/ wkdw d jdph fdq eh
vroyhg ã od Vwdfnhoehuj li wkhuh lv dw ohdvw rqh vxfk htxloleulxp grplqdwlqj wkh Qdvk rqhv/ lv
gxh wr g*Dvsuhprqw dqg Jìudug0Yduhw +4<;3,1 Wkh hqgrjhqlvdwlrq ri wlplqj kdv ehhq ixuwkhu
irupdolvhg e| Kdplowrq dqg Voxwvn| +4<<3,1
:
lqghhg wr rhu d vlqjoh ydulhw|1 Rwkhuzlvh surgxfw surolihudwlrq lv pruh dwwudfwlyh
+vhh vhfwlrq 9,1
Zh kdyh irfxvhg rq wkh lqwhusod| ehwzhhq vfdoh hfrqrplhv/ surgxfw vxevwl0
wxwdelolw| dqg ghpdqg0vlgh lqfhqwlyhv wrzdugv surgxfw surolihudwlrq/ ryhuorrnlqj
wkh uroh ri vfrsh hfrqrplhv lq surgxfwlrq1 Gh Iudmd +4<<5, wdfnohv wklv sureohp/
lq d gxrsro| prgho zkhuh hdfk up fdq vxsso| dw prvw wzr surgxfwv/ xqghu
hlwkhu txdqwlw| ru sulfh frpshwlwlrq1 Kh suryhv wkdw/ lq jhqhudo/ wkh htxloleulxp
qxpehu ri surgxfwv lv odujhu wkdq wkh vrfldoo| rswlpdo rqh/ zklfk zrxog doorz
ixoo h{sorlwdwlrq ri vfdoh hfrqrplhv1 Wklv lv gxh wr wkh lqfhqwlyh iru upv wr h{0
sorlw vfrsh hfrqrplhv/ zkhqhyhu dydlodeoh/ zklfk kdyh qr vljqlfdqw ehdulqj rq
frqvxphu vxusoxv1
Lq wkh uhpdlqghu/ zh ghdo zlwk hqgrjhqrxv glhuhqwldwlrq prghov1 Zh vwduw/
lq wkh qh{w vhfwlrq/ e| frqvlghulqj wkh ehkdylrxu ri d krul}rqwdoo| glhuhqwldwhg
prqrsro|1
6 Vsdwldo prqrsro|
Wkh ehkdylrxu ri d vsdwldoo| glhuhqwldwhg prqrsrolvw lv vwxglhg e| Erqdqqr
+4<;:, lq wkh txdgudwlf wudqvsruwdwlrq frvw yhuvlrq +g*Dvsuhprqw/ Jdev}hzlf}
dqg Wklvvh/ 4<:<, ri Krwhoolqj*v +4<5<, olqhdu flw|1 Wr looxvwudwh klv frqwulexwlrq/
zh surfhhg e| lqgxfwlrq/ vwduwlqj zlwk wkh fdvh zkhuh wkh prqrsrolvw vxssolhv d
vlqjoh ydulhw|1
Xqlw surgxfwlrq frvw lv dvvxphg wr eh frqvwdqw dqg lv qrupdolvhg wr }hur1
Frqvxphuv duh xqlirupo| glvwulexwhg/ zlwk ghqvlw| htxdo wr rqh/ dorqj d vhjphqw
ri xqlw ohqjwk zklfk fdq dowhuqdwlyho| eh lqwhusuhwhg dv d jhrjudsklfdo vsdfh ru
wkh frqvxphuv* suhihuhqfh vsdfh1 Hdfk lqglylgxdo sxufkdvh d xqlw ri wkh jrrg/ vr
wkdw wkh pdunhw lv ixoo| vhuyhg1 Wkh lqgluhfw xwlolw| ixqfwlrq lv
T '  |E%62  R( | : fc +49,
zkhuh  lv jurvv vxusoxv/ | lv wkh xqlw wudqvsruwdwlrq frvw udwh/ % lv wkh orfdwlrq
fkrvhq e| wkh prqrsrolvw/ 6 lv wkh orfdwlrq ri d jhqhulf frqvxphu dqg R lv
wkh ploo sulfh1 Jlyhq ixoo pdunhw fryhudjh/ surw dqg sulfh frlqflgh/ dqg rqh
qhhgv wr qg wkh surw0pd{lplvlqj sulfh zkhq % ' *2 E| vxevwlwxwlrq/ zh jhw
T ' r |E*262  Rc iurp zklfk/ wdnlqj lqwr dffrxqw wkdw wkh rswlpdo sulfh
pxvw gulyh wr }hur wkh qhw vxusoxv ri pdujlqdo frqvxphuv lq 3 dqg 4/ zh rewdlq
R
 E '  |*e ' ZE
Frqvlghu qrz wkh fdvh zkhuh wkh prqrsrolvw rhuv wzr ydulhwlhv1 Fohduo|/
rswlpdo orfdwlrqv duh % ' *e dqg %2 ' *ec l1h1/ wkh prqrsrolvw vhjphqwv wkh
pdunhw lq wzr vxe0pdunhwv ri wkh vdph vl}h/ zlwk pdujlqdo frqvxphuv dw 3/ 425
dqg 4/ wkh frqvxphu dw 425 ehlqj lqglhuhqw ehwzhhq wkh wzr ydulhwlhv1: Wkh
:Qrwh wkdw 427 dqg 627 duh dovr wkh vrfldoo| rswlpdo orfdwlrqv/ l1h1/ wkrvh zklfk pd{lplvh
vrfldo zhoiduh +dqg plqlplvh wrwdo wudqvsruwdwlrq frvwv,1 Khqfh/ d shfxoldu fkdudfwhulvwlf ri
;
prqrsrolvw zloo wkhq vhw wkh pd{lpxp sulfh frpsdwleoh zlwk wkh k|srwkhvlv ri
ixoo pdunhw fryhudjh/ lpso|lqj wkdw frqvxphuv dw 3/ 425 dqg 4 hqmr| }hur vxusoxv
lq htxloleulxp1 Khqfh/ lq erwk vxe0pdunhwv/ RE2 '   |*S Lqfuhdvlqj wkh
qxpehu ri ydulhwlhv/ lw lv txlfno| yhulhg wkdw rswlpdo sulfh lv R E? ' |*E2?2
Wklv prgho fdq eh xvhg wr dqdo|vh vwudwhjlf surgxfw surolihudwlrq e| d pr0
qrsrolvw/ dv d eduulhu wr hqwu| e| rxwvlgh frpshwlwruv1 Vxssrvh wkh lqwurgxf0
wlrq ri hdfk ydulhw| hqwdlov d vxqn frvw &/ lqghshqghqw ri orfdwlrq1 Krzhyhu/
rqfh wkh odwwhu lv fkrvhq/ wkh vxqn frvw suhyhqwv wkh lqfxpehqw iurp prgli|0
lqj orfdwlrq wr uhdfw wr hqwu|1 Lq wkh vlpsohvw vhwwlqj/ prqrsro| surwv ehfrph
Z
 E '   |*e  & Li dq rxwvlgh up ghflghv wr hqwhu/ vkh reylrxvo| orfdwhv
hlwkhu lq 3 ru lq 41 Wkhq/ jlyhq orfdwlrqv/ vxssrvh upv sod| d Qdvk htxloleulxp
lq sulfhv1 Wkhlu surwv duh ZU ' eb|*ee  & dqg Z. ' 2D|*ee  &c zlwk vx0
shuvfulswv U dqg . vwdqglqj iru lqfxpehqw dqg hqwudqw/ uhvshfwlyho|1 Lw dsshduv
wkdw wkh lqfxpehqw uhpdlqv d prqrsrolvw li & 5 E2D|*eec eb|*eeoc lq wkdw iru doo
ydoxhv ri & zlwklq vxfk lqwhuydo wkh hqwudqw*v surwv duh qhjdwlyh1 Rwkhuzlvh/ li
& 5 Efc 2D|*eeoc wkh rxwvlghu hqwhuv dw 3 ru 4 zlwk qrq0qhjdwlyh surwv1 Wr dyrlg
wklv/ wkh lqfxpehqw frxog hqodujh khu surgxfw olqh/ orzhulqj wkh surwdelolw| ri
dq| pdunhw qlfkh dydlodeoh wr wkh rxwvlghu +vhh Vfkpdohqvhh +4<:;, iru d fdvh
vwxg| vxssruwlqj wklv ylhz,1
7 Prqrsro| dqg surgxfw txdolw|
Wkh ehkdylrxu ri wkh yhuwlfdoo| glhuhqwldwhg pxowlsurgxfw prqrsrolvw kdv uh0
fhlyhg zlgh dwwhqwlrq lq wkh wkhruhwlfdo olwhudwxuh1 Wkh edvlf lvvxhv udlvhg lq wklv
hog duh wzr1 Wkh uvw frqfhuqv wkh fkrlfh e| d surw0pd{lplvlqj prqrsrolvw
ehwzhhq txdolw| dqg txdqwlw| glvwruwlrqv/ iru d jlyhq qxpehu ri ydulhwlhv1 Wkh
vhfrqg uhjdugv wkh glhuhqfh ehwzhhq wkh rswlpdo prqrsro| ehkdylrxu dqg wkh
vrfldoo| h!flhqw rqh1 D wklug lvvxh lv wkdw ri ghvfulelqj wkh frqglwlrqv xqghu
zklfk zh h{shfw wr revhuyh d prqrsro| udwkhu wkdq d frpshwlwlyh pdunhw vwuxf0
wxuh +Jdev}hzlf}/ Vkdnhg/ Vxwwrq dqg Wklvvh/ 4<;9,1 Wklv wrslf qhvwv lqwr wkh
ghedwh rq qdwxudo roljrsro| dqg wkh vr0fdoohg qlwhqhvv surshuw|/ hvwdeolvklqj
wkdw li txdolw| lpsuryhphqwv pdlqo| dhfw {hg +U)G, frvwv zkloh pdujlqdo frvw
lv  dw/ d pdunhw iru yhuwlfdoo| glhuhqwldwhg surgxfwv pd| dffrprgdwh d qlwh
qxpehu ri upv jdlqlqj vwulfwo| srvlwlyh surwv dw htxloleulxp +Vkdnhg dqg Vxw0
wrq/ 4<;6,1 Khuh/ zh irfxv rq wkh wzr lvvxhv phqwlrqhg deryh1 Zh zloo eulh |
gzhoo xsrq wkh wklug lq vhfwlrq 91
Wkh uvw uhvxowv rq txdolw| dqg txdqwlw| glvwruwlrq lq prqrsro| wudfh edfn
wr Vshqfh +4<:8, dqg Vkhvklqvnl +4<:9,1 Wkh| hvwdeolvk wkdw d prqrsrolvw fdq/
wkh Krwhoolqj prgho frqvlvwv lq |lhoglqj wkh vdph htxloleulxp xqghu erwk prqrsro| dqg vrfldo
sodqqlqj1 Xqghu wkh uvw uhjlph/ wkh prqrsrolvw plqlplvh wkh pd{lpxp glvwdqfh ehwzhhq
wkh jhqhulf frqvxphu dqg wkh jhqhulf ydulhw| lq rughu wr udlvh wkh sulfh dqg pd{lplvh surwv/
zkloh xqghu wkh vhfrqg uhjlph wkh vrfldo sodqqhu grhv wkh vdph lq rughu wr plqlplvh wkh ryhudoo
glvxwlolw| iurp wudqvsruwdwlrq frvwv/ WF @ w
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dowhuqdwlyho|/ uhvwulfw wkh rxwsxw ohyho iru d jlyhq txdolw|/ ru glvwruw txdolw| iru d
jlyhq rxwsxw1 Wklv hqwdlov wkdw wkh txdolw| vxssolhg dw wkh prqrsro| rswlpxp
lv orzhu wkdw vxssolhg dw wkh vrfldo rswlpxp li wkh pdujlqdo txdolw| hydoxdwlrq
fkdudfwhulvlqj wkh dyhudjh frqvxphu lv kljkhu wkdq wkh pdujlqdo hydoxdwlrq ri
txdolw| fkdudfwhulvlqj wkh pdujlqdo frqvxphu/ dqg frqyhuvho|1 Wklv lv gxh wr
wkh idfw wkdw/ lq vhwwlqj txdolw|/ wkh prqrsrolvw frqvlghuv wkh pdujlqdo frqvxphu
zkloh wkh vrfldo sodqqhu frqvlghuv wkh dyhudjh frqvxphu1 Wklv frqfoxvlrq fdq eh
uhdfkhg lq d vlqjoh0jrrg vhwwlqj1 Wkh srvvlelolw| wkdw wkh prqrsrolvw h{sdqgv
wkh surgxfw olqh lq rughu wr lqgxfh d vhoi0vhohfwlrq phfkdqlvp rq wkh sduw ri
frqvxphuv lv frqvlghuhg lq vhyhudo odwhu frqwulexwlrqv +Pxvvd dqg Urvhq/ 4<:;>
Lwrk/ 4<;6> Pdvnlq dqg Uloh|/ 4<;7> Ehvdqnr/ Grqqhqihog dqg Zklwh/ 4<;:/ 4<;;>
Odpehuwlql/ 4<<:,1 Lq wklv vwuhdp ri olwhudwxuh/ xqlw surgxfwlrq frvw lv frqvwdqw
z1u1w1 txdqwlw| exw lv lqfuhdvlqj lq wkh txdolw| ohyho/ vr wkdw wklv prgho fdqqrw
jlyh ulvh wr d qdwxudo roljrsro| +ru prqrsro|,1 Wkh edvlf lghd xqghuo|lqj doo
wkhvh frqwulexwlrqv lv wkdw wkh prqrsrolvw h{sdqgv wkh surgxfw olqh vr dv wr
glvfulplqdwh ehwzhhq frqvxphuv zlwk glhuhqw lqfrphv1 Lq wkh qh{w vxevhfwlrqv/
zh iroorz Odpehuwlql +4<<:,1
714 Ixoo pdunhw fryhudjh
Vxssrvh frqvxphuv duh xqlirupo| glvwulexwhg/ zlwk xqlw ghqvlw|/ ryhu dwc woc zlwk
w ' w dqg w  1; Sdudphwhu w ghqrwhv pdujlqdo zloolqjqhvv wr sd| iru txdolw|/
zklfk fdq eh wkrxjkw ri dv wkh uhflsurfdo ri pdujlqdo xwlolw| ri prqh| +vhh Wluroh/
4<;;/ fkdswhu 5,1 Dv lqfrph lqfuhdvhv/ frqvxphu*v zloolqjqhvv wr sd| iru d kljkhu
txdolw| lqfuhdvhv dv zhoo1 Xqghu ixoo pdunhw fryhudjh/ hdfk frqvxphu ex|v rqh
xqlw ri wkh glhuhqwldwhg jrrg/ surylghg wkdw wkh qhw vxusoxv iurp sxufkdvh lv
qrq0qhjdwlyh=
T ' w^  R  f c  ' c 2c ? c +4:,
zkhuh ^ dqg R duh wkh txdolw| ohyho dqg sulfh ri ydulhw|  Rq wkh vxsso| vlgh/
wrwdo surgxfwlrq frvwv iru ydulhw|  duh  ' |^
2

%/ zkhuh % lv wkh rxwsxw ohyho
dqg | lv d srvlwlyh sdudphwhu dhfwlqj pdujlqdo frvw1
Lq zkdw iroorzv/ zh frpsduh wkh ehkdylrxu ri wkh prqrsrolvw zlwk wkh ehkdy0
lrxu ri d vrfldo sodqqhu +ru shuihfw frpshwlwlrq,/ iru d jlyhq qxpehu ri surgxfwv1
Ehiruh grlqj wkdw/ lw lv xvhixo wr fkdudfwhulvh eulh | wkh lqwhuydo ri vrfldoo| suh0
ihuuhg txdolwlhv +Fuhphu dqg Wklvvh/ 4<<7,1 Zkhq sulfh htxdov pdujlqdo frvw/
l1h1/ R ' |^
2

c wkh xwlolw|0pd{lplvlqj txdolw| ohyho iru d frqvxphu lqgh{hg e| w lv
^W

' w*E2| Khqfh/ wkh lqwhuydo ri vrfldoo| suhihuuhg txdolwlhv lv dw*E2|c w*E2|o
Xqghu ixoo pdunhw fryhudjh/ +4:, krogv dv dq htxdolw| iru wkh pdujlqdo frq0
vxphu dw w ' w  c zkloh lw krogv dv d vwulfw lqhtxdolw| iru doo rwkhu frqvxphuv1
Iru wkh vdnh ri vlpsolflw|/ frqvlghu uvw wkh fdvh zkhuh d vlqjoh ydulhw| lv vxssolhg1
;Wkh dvvxpswlrq ri d xqlirup glvwulexwlrq lv qrw uhvwulfwlyh1 Vshqfh +4<:8, vkrzv wkdw prvw
ri wkh uhvxowv zh duh derxw wr ghulyh krog iru d zlgh fodvv ri glvwulexwlrqv1
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Wkh remhfwlyh ixqfwlrq ri wkh sodqqhu lv vrfldo zhoiduh/ ghqhg dv iroorzv=
7` E '
]
w
w
Ew^  |^2_w  +4;,
Lw lv hylghqw wkdw sulfh lv luuhohydqw/ lq wkdw/ xqghu ixoo fryhudjh/ lw rqo| dhfwv
wkh glvwulexwlrq ri vxusoxv ehwzhhq surgxfhu dqg frqvxphuv/ ohdylqj xqfkdqjhg
lwv ryhudoo vl}h1 Iurp wkh IRF z1u1w1 txdolw| zh rewdlq ^7 ' Ew  *Ee| '
w*E2| n w*E2|

*2c l1h1/ wkh vrfldo sodqqhu surgxfhv wkh ydulhw| suhihuuhg e| wkh
dyhudjh frqvxphu1
Wkh prqrsrolvw*v remhfwlyh lv wr pd{lplvh
Z
 E ' R |^2  +4<,
Wkh ghulydwlyh ri +4<, z1u1w1 sulfh lv hyhu|zkhuh srvlwlyh1 Wklv lpsolhv wkdw
prqrsro| sulfh lv wkh kljkhvw sulfh zklfk lv frpsdwleoh zlwk wkh dvvxpswlrq
wkdw wkh frqvxphu dw w eh deoh wr ex|/ l1h1/ R ' w^ Soxjjlqj lw lqwr +4<,/
zh rewdlq Z E ' ^Ew  |^c zklfk lv pd{lplvhg dw ^ ' w*E2|/ wkh txdolw|
suhihuuhg e| wkh pdujlqdo frqvxphu1 Khqfh/ wkh prqrsrolvw xqghuvxssolhv txdolw|
dv frpsduhg wr wkh vrfldo rswlpxp1
Qrz vxssrvh wzr txdolwlhv duh surgxfhg/ ^M : ^u : f Ghpdqg ixqfwlrqv duh
%M ' w ERM  Ru*E^M  ^u dqg %u ' ERM  Ru*E^M  ^u Ew  Remhfwlyh
ixqfwlrqv ehfrph
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2
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_w c +54,
zkhuh  ' ERM  Ru*E^M  ^u lv wkh pdujlqdo zloolqjqhvv wr sd| ri wkh frq0
vxphu zkr lv lqglhuhqw ehwzhhq ^M dqg ^u Wkh prqrsrolvw vhwv Ru ' w^u dqg/
soxjjlqj lw lqwr YZE2*YRM ' fc vkh rewdlqv wkh rswlpdo sulfh iru wkh vxshulru
ydulhw|1 Htxloleulxp txdolwlhv fdq eh rewdlqhg e| vroylqj wkh fruuhvsrqglqj uvw
dqg vhfrqg rughu frqglwlrqv/ |lhoglqj ^
M
' E2w*Ee| dqg ^
u
' E2w*Ee|
Wkh vroxwlrq wr wkh sodqqhu*v sureohp lv jlyhq e| ^7
M
' Eew  *EH| dqg
^7
u
' Eew  *EH| D txlfn frpsdulvrq uhyhdov wkdw
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c +55,
wkdw lv/ txdolw| glvwruwlrq lqfuhdvhv dv zh pryh grzq dorqj wkh txdolw| vshfwuxp1
Wklv skhqrphqrq dulvhv ehfdxvh ri wkh prqrsrolvw*v dwwhpsw dw h{wudfwlqj pruh
vxusoxv iurp vdohv lq wkh kljkhu vhjphqw ri wkh pdunhw= wkh glvwruwlrq ri wkh
orz txdolw| lv phdqw dw pdnlqj wkh vzlwfklqj iurp wkh kljk wr wkh orz0txdolw|
jrrg xqdwwudfwlyh iru ulfk frqvxphuv1 Dv wkh qxpehu ri ydulhwlhv lqfuhdvh/ wkh
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prqrsrolvw*v ehkdylrxu fdq eh fkdudfwhulvhg olnhzlvh1 Iru wkh vdnh ri euhylw|/ zh
frqqh wr wkh fdvh ri ? jrrgv1 Wkh xsshu dqg orzhu olplwv ri wkh txdolw| udqjhv
vxssolhg e| wkh prqrsrolvw dqg wkh vrfldo sodqqhu duh/ uhvshfwlyho|=
^

M
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u
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Dv d uhvxow/ zlwk ? ydulhwlhv/ wkh wzr uhjlphv vxsso| wkh iroorzlqj ghjuhhv ri
glhuhqwldwlrq=
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c +58,
iurp zklfk {^*{^7 ' 2c l1h1/ wkh prqrsrolvw*v surgxfw udqjh lv wzlfh dv odujh
dv wkh vrfldo sodqqhu*v1 Pruhryhu/ *4?<"{^
 ' *|c *4?<"{^7 ' *E2|c
lpso|lqj wkdw/ dv wkh txdolw| vshfwuxp ehfrphv frqwlqxrxv/ wkh vrfldo sodqqhu
surylghv hdfk frqvxphu zlwk klv rzq suhihuuhg txdolw|/ zkloh wkh prqrsro| udqjh
lv wzlfh dv odujh/ iru doo ?1 Dv vwuhvvhg e| Gxsxlw dv hduo| dv 4;7</ wklv lv qrw
dlphg dw ghwhulrudwlqj wkh srvlwlrq ri orz0lqfrph frqvxphuv/ exw udwkhu dw iruflqj
kljk0lqfrph frqvxphuv wr sd| wkh sulfhv dw zklfk vxshulru txdolwlhv duh vrog/ lq
wkdw orzhu txdolwlhv duh qrw dwwudfwlyh1
715 Sduwldo pdunhw fryhudjh
Xqghu sduwldo fryhudjh ri wkh pdunhw/ vrph orz0lqfrph frqvxphuv duh qrw vhuyhg/
dqg frqglwlrq +4:, lv ylrodwhg lq wkh uljkw qhljkerxukrrg ri w Lq wklv vlwxdwlrq/
jlyhq ?/ wkh prqrsrolvw dqg wkh vrfldo sodqqhu surgxfh wkh vdph txdolwlhv/ do0
wkrxjk wkh prqrsrolvw uhvwulfwv wkh rxwsxw wr kdoi wkh dprxqw vxssolhg e| wkh
sodqqhu +ru xqghu shuihfw frpshwlwlrq,1 Djdlq/ zh frqvlghu lqlwldoo| wkh fdvh ri
d vlqjoh ydulhw|1 Wkh pdujlqdo frqvxphu orfdwhv dw R*^/ vr wkdw pdunhw ghpdqg
lv % ' w  R*^ dqg wkh surw ixqfwlrq lv ZE ' ER |^2% IRFv duh
YZ E
Y^
' |Rn
R2
^2
 2w^| ' f( +59,
YZ E
YR
' w 
2R
^
n ^| ' fc +5:,
iurp zklfk zh jhw R ' 2w
2
*Eb|( ^ ' w*E| Htxloleulxp rxwsxw lv % ' w*/
dqg surwv dprxqw wr Z E ' w

*E2.| Qrwlfh wkdw sduwldo pdunhw fryhudjh
rewdlqv li dqg rqo| li w  ( zkhq w : c wkh dqdo|vlv fduulhg rxw xqghu ixoo
pdunhw fryhudjh krogv1 Dv wr wkh vrfldo sodqqhu/ klv dlp lv wkh pd{lplvdwlrq ri
7` E '
]
w
R*^
Ew^  |^2_w +5;,
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Vroylqj wkh vrfldo rswlpxp sureohp hqwdlov surgxflqj wkh vdph txdolw| vxssolhg
e| wkh surw0pd{lplvlqj prqrsrolvw/ dowkrxjk vrog dw pdujlqdo frvw/ l1h1/ R7 '
w
2
*Eb| Pruhryhu/ wkh rxwsxw ohyho xqghu vrfldo sodqqlqj lv %7 ' 2w*
Frqvlghu qrz wkh fdvh ri wzr ydulhwlhv/ zkrvh ghpdqg ixqfwlrqv duh=
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Vroylqj wkh prqrsrolvw*v dqg wkh vrfldo sodqqhu*v rswlpxp sureohpv |lhogv=
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Htxloleulxp txdolwlhv dqg txdqwlwlhv +63064, uhyhdo wkdw wkh ehkdylrxu ri wkh
prqrsrolvw frlqflgh zlwk wkdw ri wkh vrfldo sodqqhu rq wkh txdolw| vlgh/ zkloh d
glvwruwlrq lv revhuyhg rq wkh rxwsxw vlgh1 Wkh h{whqvlrq wr wkh fdvh ri ? ydulhwlhv
lv qrz udwkhu vwudljkwiruzdug=
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iurp zklfk rqh lpphgldwho| rewdlqv *4?<"f

' *2 dqg *4?<"f7 ' 
Wklv lpsolhv wkdw/ dv wkh qxpehu ri ydulhwlhv ehfrphv lqqlwho| kljk/ wkh surw0
pd{lplvlqj prqrsrolvw vhuyhv rqo| wkh ulfkhu kdoi ri wkh pdunhw/ zkloh d vrfldo
sodqqhu zrxog vhuyh doo frqvxphuv1
Zh duh qrz lq d srvlwlrq wr hydoxdwh wkh fkrlfh ri wkh prqrsrolvw ehwzhhq
ixoo pdunhw fryhudjh +zlwk txdolw| glvwruwlrq, dqg sduwldo pdunhw fryhudjh +zlwk
rxwsxw glvwruwlrq,/ lq wkh sdudphwhu udqjh zkhuh erwk duh dgplvvleoh1 Wr wklv
dlp/ lw vx!fhv wr frqvlghu wkh fdvh ri d vlqjoh jrrg1 Wkh prqrsrolvw suhihuv wr
glvwruw txdqwlw| udwkhu wkdq txdolw| li w

*E2.| : Ew  2*Ee| Wklv frqglwlrq
lv phw iru doo w 	 ( khqfh/ lq wklv udqjh wkh prqrsrolvw zloo fkrrvh wr vxsso|
wkh vdph txdolw| dv wkh vrfldo sodqqhu +ru shuihfw frpshwlwlrq,/ exw uhvwulfw wkh
rxwsxw ohyho e| iw| shu fhqw1 Li w ' c wkh prqrsrolvw lv lqglhuhqw ehwzhhq
rxwsxw dqg txdolw| uhvwulfwlrqv/ zkloh iru doo w :  ixoo pdunhw fryhudjh zlwk
txdolw| glvwruwlrq lv wkh rqo| dgplvvleoh uhjlph1 Wkhvh frqvlghudwlrqv fduu| ryhu
wr wkh fdvh ri ? ydulhwlhv/ iru wkh dssursuldwh ydoxhv ri w
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8 Pxowlsurgxfw upv lq roljrsro| pdunhwv zlwk hqgrjh0
qrxv glhuhqwldwlrq
Zlwklq wkh olwhudwxuh rq surgxfw glhuhqwldwlrq/ wkh ehkdylrxu ri pxowlsurgxfw
upv rshudwlqj xqghu roljrsrolvwlf frpshwlwlrq kdv uhfhlyhg udwkhu vfdqw| dwwhq0
wlrq1 Wkh pdlq frqwulexwlrqv lq wklv hog duh gxh wr Pduwlqh}0Jludow dqg Qhyhq
+4<;;, dqg Fkdpsvdxu dqg Urfkhw +4<;<,/ zkr ghdo zlwk krul}rqwdo dqg yhuwlfdo
glhuhqwldwlrq/ uhvshfwlyho|1
814 Krul}rqwdo glhuhqwldwlrq
Pduwlqh}0Jludow dqg Qhyhq +4<;;, h{dplqh wzr yhuvlrq ri wkh vsdwldo glhuhqwld0
wlrq prgho1 Lq wkh uvw/ wkh| dvvxph wkdw frqvxphuv duh glvwulexwhg dorqj d olqhdu
flw|/ dv lq Krwhoolqj +4<5<, dqg g*Dvsuhprqw/ Jdev}hzlf} dqg Wklvvh +4<:<,1 Lq
wkh vhfrqg/ wkh| dvvxph lqvwhdg wkdw frqvxphuv duh glvwulexwhg dorqj d flufoh/
dv lq Vdors +4<:<,1 Lq erwk fdvhv/ wkh pdlq lvvxh dgguhvvhg e| wkh dxwkruv lv
zkhwkhu dw ohdvw rqh up kdv dq| lqfhqwlyh wr vxsso| pruh wkdq rqh surgxfw/
dqg wkh| jhw wr wkh frqfoxvlrq wkdw vxfk dq lqfhqwlyh grhv qrw h{lvw1 Wklv uhvxow
fdq eh lqwxlwlyho| h{sodlqhg lq wkh iroorzlqj whupv1 Iru wkh vdnh ri vlpsolflw|/
frqvlghu d gxrsro|1 Wkh fkrlfhv rshq wr d up wkdw pd| frqvlghu wr surolihudwh
khu surgxfw udqjh duh ghvfulehg e| jxuhv 5 dqg 61 Lq jxuh 5/ up 4 lv vlqjoh0
surgxfw/ zkloh up 5 vxssolhv wzr jrrgv/ erwk orfdwhg wr wkh uljkw ri up 4/ dw
u2 dqg u22 Lq jxuh 6/ up 4 lv djdlq d vlqjoh0surgxfw xqlw/ exw khu jrrg lv
orfdwhg ehwzhhq wkh wzr ydulhwlhv rhuhg e| up 51 Pduwlqh}0Jludow dqg Qhyhq
vkrz wkdw lw lv frqyhqlhqw iru up 5 wr dgrsw wkh vwudwhj| uhsuhvhqwhg lq jxuh 5/
lq wkdw lw doorzv khu wr lvrodwh rqh surgxfw iurp wkh frpshwlwlrq h{huwhg e| wkh
jrrg vxssolhg e| up 41 Lq rwkhu zrugv/ wkh pdunhw frqjxudwlrq ghslfwhg lq
jxuh 5 lv ohvv frpshwlwlyh wkdq wkh frqjxudwlrq uhsuhvhqwhg e| jxuh 6/ zkhuh
erwk up 5*v ydulhwlhv frpshwh gluhfwo| zlwk wkh vlqjoh rqh surgxfhg e| up 41
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Iljxuh 5
Iljxuh 6
3 4
3 4u u2 u22
u22 u u22
Qhyhuwkhohvv/ wkh exqfklqj ri up 5*v surgxfwv rq wkh vdph vlgh ri up 4
hqwdlov d kljk ghjuhh ri frpshwlwlrq ehwzhhq wkhpvhoyhv/ ohdglqj up 5 wr vxsso|
rqh surgxfw rqo|1< Vhhplqjo|/ wklv lpsolhv wkdw zh vkrxog qrw revhuyh pxowlsurg0
xfw upv xqghu krul}rqwdo glhuhqwldwlrq1 Krzhyhu/ Pduwlqh}0Jludow dqg Qhyhq
duh dzduh wkdw wklv uhvxow ghshqgv rq wkh devhqfh ri vfdoh dqg vfrsh hfrqrplhv/
dv zhoo dv hqwu| wkuhdwv e| rxwvlghuv1 Dqrwkhu hohphqw zklfk lv ryhuorrnhg khuh
lv eudqg or|dow|1 Zh zloo frph edfn wr lw lq vhfwlrq ;1
815 Yhuwlfdo glhuhqwldwlrq
Fkdpsvdxu dqg Urfkhw +4<;<, frqvlghu sulfh frpshwlwlrq ehwzhhq pxowlsurgxfw
upv lq wkh yhuwlfdo glhuhqwldwlrq prgho zlwk yduldeoh frvwv ri txdolw| lpsuryh0
phqwv/ ruljlqdwhg e| Pxvvd dqg Urvhq +4<:;,1 Dv wklv prgho lv d jhqhudolvdwlrq
ri wkh vsdwldo glhuhqwldwlrq prgho zlwk frqyh{ wudqvsruwdwlrq frvwv +Fuhphu dqg
Wklvvh/ 4<<4,/ wkh uhvxowv rewdlqhg e| Fkdpsvdxu dqg Urfkhw odujho| uhsolfdwhv
wkrvh e| Pduwlqh}0Jludow dqg Qhyhq1
Vxssrvh frqvxphuv duh xqlirupo| glvwulexwhg ryhu wkh lqwhuydo dw c woc zlwk
w : f dqg w ' wnk Ixoo pdunhw fryhudjh lv dvvxphg1 Hyhu| frqvxphu sxufkdvhv
rqh xqlw/ klv lqgluhfw xwlolw| ixqfwlrq ehlqj L ' Ewc ^ RE^  fc zkhuh ^ lv
wkh txdolw| ohyho dqg R lv wkh sulfh vhw e| up 1 Wzr upv/ M dqg u/ rshudwh lq
<Ru/ dowhuqdwlyho|/ wzr xqglhuhqwldwhg ydulhwlhv1 Dv orqj dv zh gr qrw frqvlghu {hg frvwv/
surgxflqj wzr lghqwlfdo ydulhwlhv ru d vlqjoh jrrg lv wkh vdph1 Zlwk {hg frvwv dwwdfkhg wr
hyhu| ydulhw| wkh lqfhqwlyh iru up 5 wr plqlplvh glhuhqwldwlrq ehwzhhq O54 dqg O55 zrxog
fhuwdlqo| ohdg khu wr gurs rqh surgxfw1
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wkh pdunhw/ hdfk ri wkhp vxsso|lqj d frqwlqxrxv udqjh ri txdolwlhv/ ^M 5 d^
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o Xqlw surgxfwlrq frvwv duh frqyh{ lq txdolw| dqg frqvwdqw lq
txdqwlw|/ zlwk wrwdo frvwv ehlqj 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Frqvlghu uvw wkh fdvh zkhuh txdolw| lqwhuydov duh glvmrlqw/ l1h1/ ^n
u
	 ^
3
M
 Lq
wklv vhwwlqj/ wkhuh h{lvwv d sxuh0vwudwhj| Qdvk htxloleulxp dw wkh sulfh vwdjh/ iru
doo frqfhlydeoh txdolw| lqwhuydov vxfk wkdw wklv lqhtxdolw| lv vdwlvhg1 Doo ydulhwlhv*
ghpdqgv/ lq htxloleulxp/ duh vwulfwo| srvlwlyh143 Frqvlghu wkhq wkh fdvh ri sduwldo
ryhuodsslqj ehwzhhq wkh txdolw| lqwhuydov/ zkhuh ^n
u
 ^
3
M
c l1h1/ wkhuh h{lvwv dw
ohdvw rqh surgxfw zklfk lv rhuhg e| erwk upv1 Dovr lq wklv vlwxdwlrq wkhuh
dozd|v h{lvwv d sxuh0vwudwhj| htxloleulxp lq sulfhv1 Krzhyhu/ d qhfhvvdu| dqg
vx!flhqw frqglwlrq iru erwk upv wr jdlq vwulfwo| srvlwlyh surwv lq htxloleulxp/
lv wkdw erwk ^n
u
dqg ^3
M
ehorqj wr wkh lqwhuydo ri frqvxphuv* suhihuuhg txdolwlhv144
Li wklv frqglwlrq lv phw/ wkhq wkh sulfh htxloleulxp lv dovr xqltxh1
Zh duh qrz lq d srvlwlrq wr h{dplqh zkdw kdsshqv lq wkh txdolw| vwdjh/
frqqlqj rxu dwwhqwlrq wr wkh vhwwlqj zkhuh erwk upv duh dfwlyh1 Iluvw ri doo/
lw lv srvvleoh wr vkrz wkdw/ zkhq Ewc ^ ' w^ dqg  ' |^2 %/ wkhuh h{lvwv dq
htxloleulxp lq sxuh vwudwhjlhv dw wkh txdolw| vwdjh/ zkhuh erwk upv* surwv duh
srvlwlyh/ dqg upv duh vlqjoh0surgxfw1 Wklv lv d vwudljkwiruzdug h{whqvlrq ri d
uhvxow frqwdlqhg lq Fuhphu dqg Wklvvh +4<<7, dqg Odpehuwlql +4<<9,1 Khqfh/ wkh
vdph lqfhqwlyh wrzdugv vkulqnlqj wkh surgxfw udqjh lqwr d vlqjoh ydulhw| hphujhv
khuh/ dv lq wkh krul}rqwdo prgho h{dplqhg lq wkh suhylrxv vxevhfwlrq1 Pruhryhu/
surylghg hdfk up vxssolhv dq lqwhuydo ri txdolwlhv/ khu ghflvlrqv duh vxppdulvhg
e| wkh ehkdylrxu ri wkh orzhu dqg xsshu erxqgv ri vxfk lqwhuydo/ ^3

dqg ^n


Wkhvh ydoxhv dhfw wkh surwv ri up  lq yhu| glhuhqw zd|v/ uhvshfwlyho|1 Ilupv*
surwv/ zkhq txdolw| lqwhuydov duh glvmrlqw/ l1h1/ zkhq ^n
u
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 +67,
Wkh uvw whup rq wkh uljkw0kdqg vlgh ri erwk h{suhvvlrqv lq +67, uhsuhvhqwv wkh
surw iru up  lq wkh txdolw| udqjh zkhuh vkh frpshwhv zlwk wkh ulydo/ wkdw lv/ wkh
fhqwudo sduw ri wkh pdunhw1 Vxfk d surw fdq eh ghqhg dv d sxuh glhuhqwldwlrq
surw1 Wklv lv wkh vdph surw hdfk up zrxog jhw li vkh surgxfhg d vlqjoh ydulhw|1
Wkh vhfrqg whup lv lqghshqghqw ri wkh ehkdylrxu ri wkh ulydo dqg fdq eh odehoohg
dv d sxuh vhjphqwdwlrq surw1 Zkhq lqvwhdg ^n
u
 ^
3
M
c dw ohdvw sduwldo ryhuodsslqj
rewdlqv/ dqg erwk upv* surwv uhgxfh wr wkh sxuh vhjphqwdwlrq surwv lq wkh
udqjhv zkhuh wkhuh lv qr ryhuodsslqj/ zkloh lq wkh txdolw| lqwhuydo zkhuh erwk
upv rshudwh zlwk wkh vdph ydulhwlhv/ surwv duh gulyhq wr }hur e| d vwdqgdug
43D vlpsoh surri ri wkhvh fodlpv/ lq wkh fdvh zkhuh surgxfw lqwhuydov froodsvh lqwr d vlqjoh
ydulhw|/ fdq eh irxqg lq Fuhphu dqg Wklvvh +4<<7, dqg Odpehuwlql +4<<9,1
44Zkhq/ h1j1/ fl+tl> {l, @ wt
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{l> wkh lqwhuydo ri vrfldoo| suhihuuhg txdolwlhv lv ^@+5w,> @+5w,`=
Vhh suhylrxv vhfwlrq1
49
Ehuwudqg dujxphqw1 Khqfh/ lq wkh fruuhvsrqglqj Qdvk htxloleulxp lq txdolwlhv/ li
qhlwkhu txdolw| lqwhuydo ghjhqhudwhv lqwr d vlqjoh surgxfw dqg erwk upv* surwv
duh srvlwlyh/ lw pxvw qhfhvvdulo| eh wkdw ^n
u
	 ^
3
M
c l1h1/ txdolw| lqwhuydov pxvw eh
glvmrlqw lq wkdw wklv vwudwhj| hqvxuhv odujhu surwv dv frpsduhg wr wkh fdvh ri
sduwldo ryhuodsslqj1
Ilqdoo|/ lw fdq eh jlyhq dq lqwxlwlyh dujxphqw uhyhdolqj wkdw/ rqfh d qr0
ryhuodsslqj htxloleulxp frqjxudwlrq kdv ehhq fkrvhq/ upv qg lw rswlpdo
wr surgxfh txdolw| udqjhv ri lqqlwh h{whqvlrqv/ zlwk ^M 5 d^
3
M
c4 dqg ^u 5
E4c ^n
u
o Wklv lv gxh wr wkh idfw wkdw/ hyhq li txdolwlhv orfdwhg yhu| idu iurp wkh
vrfldoo| suhihuuhg rqhv zloo qrw eh sxufkdvhg e| dq| frqvxphu/ hdfk up suhihuv
wr iruhforvh dq| pdunhw qlfkh dgmdfhqw wr khuv145 Reylrxvo|/ wkh surgxfwlrq ri
dq lqqlwh qxpehu ri ydulhwlhv lv dgplvvleoh rqo| rq sxuho| wkhruhwlfdo jurxqgv1
Wkh lqfhqwlyh wrzdugv surgxfw lqqrydwlrq dqg surolihudwlrq dv d eduulhu wr hqwu|
lv ghdow zlwk lq wkh qh{w vhfwlrq1
9 Surgxfw lqqrydwlrq dqg wkh shuvlvwhqfh ri prqrsro|
Wkh lvvxh ri wkh lqfhqwlyhv wrzdugv erwk surfhvv dqg surgxfw lqqrydwlrq xqghu
prqrsro| ylv ã ylv roljrsro| ru shuihfw frpshwlwlrq lv d yh{dwd txdhvwlr lq wkh
olwhudwxuh rq lqgxvwuldo rujdql}dwlrq/ gdwlqj edfn wr wkh vhplqdo frqwulexwlrqv
e| Vfkxpshwhu +4<75, dqg Duurz +4<95,1 Lq wkh uhfhqw olwhudwxuh/ wkh pdlq
frqwulexwlrqv rq wkh lvvxh ri wkh shuvlvwhqfh ri prqrsro| duh gxh wr Jloehuw
dqg Qhzehu| +4<;5, dqg Uhlqjdqxp +4<;6,1 Wkhvh dxwkruv h{solflwo| ghdo zlwk
surfhvv lqqrydwlrq/ wkdw lv/ zlwk dq U)G dfwlylw| dlphg dw uhgxflqj wkh pdujlqdo
frvw dvvrfldwhg zlwk wkh surgxfwlrq ri dq h{lvwlqj jrrg/ exw wkhlu dqdo|vlv fdq eh
hdvlo| uhirupxodwhg lq whupv ri d surgxfw lqqrydwlrq1 Lpdjlqh dq dxfwlrq e| dq
lqghshqghqw ode kroglqj wkh uljkwv ryhu wkh lqqrydwlrq1 Wklv ode lv zloolqj wr vhoo
wkh sdwhqw ri lqqlwh gxudwlrq ryhu wkh lqqrydwlrq wr wkh kljkhvw elgghu ehwzhhq
dq lqfxpehqw dqg dq rxwvlghu wkdw/ lq fdvh vkh zlqv/ fdq hqwhu wkh pdunhw zklfk
zloo wkxv ehfrph d gxrsro| pdgh xs e| vlqjoh0surgxfw upv1 Rwkhuzlvh/ li wkh
lqfxpehqwv elgv pruh dqg jhwv wkh sdwhqw/ prqrsro| zloo shuvlvw zlwk d wzr0
surgxfw up1 Odeho wkhvh wzr upv dv U +lqfxpehqw, dqg . +hqwudqw,1 Wkh
fxuuhqw surw ri up U dv d vlqjoh0jrrg prqrsrolvw lv Z
U
Ec zkhuh vxshuvfulsw
 / dv xvxdo/ vwdqgv iru prqrsro|1 Wkh surw vkh zrxog rewdlq e| zlqqlqj wkh
dxfwlrq lv Z
U
E2 Ilqdoo|/ wkh upv* gxrsro| surwv/ zkhq wkh rxwvlghu rewdlqv
wkh sdwhqw/ duh Z(
U
E dqg Z(
.
Ec zkhuh vxshuvfulsw ( vwdqgv iru gxrsro|1 Wkh
lqfhqwlyh wr lqqrydwh h{lvwv iru wkh lqfxpehqw zkhqhyhu Z

U
E2  Z
U
Ec dqg wkh
45Lq d uhfhqw sdshu/ Gh Iudmd +4<<9, h{whqgv wkh yhuwlfdo glhuhqwldwlrq prgho ruljlqdwhg e|
Jdev}hzlf} dqg Wklvvh +4<:<, wr vkrz wkdw upv pd| ohdyh vrph jdsv lq wkhlu surgxfw olqhv/
wklv fkrlfh ehlqj lqghshqghqw ri {hg frvwv/ zkloh uhodwhg wr wkh vwuxfwxuh ri yduldeoh frvwv dqg
frqvxphu suhihuhqfhv1
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lqfxpehqwv zlqv wkh dxfwlrq li
Z

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Ec +68,
ru/ htxlydohqwo|/ li wkh sulfh wkdw U lv zloolqj wr sd| iru wkh uljkwv ryhu wkh lq0
qrydwlrq lv odujhu wkdq wkh pd{lpxp sulfh wkdw . lv zloolqj wr sd|1 Vlqfh d
wzr0surgxfw prqrsrolvw pxvw qhfhvvdulo| eh deoh wr jdlq dw ohdvw wkh vdph surwv
dv wzr qrq0frooxglqj upv rshudwlqj zlwk rqh surgxfw hdfk/ frqglwlrq +68, lv
fhuwdlqo| phw dqg prqrsro| shuvlvwv1 Wklv frqglwlrq ghvfulehv zkdw lv nqrzq dv
wkh h!flhqf| hhfw +Ixghqehuj dqg Wluroh/ 4<;9> Wluroh/ 4<;;, ru wkh lqfhqwlyh
wr suhhpsw +Ndw} dqg Vkdslur/ 4<;:,/ vxppdulvlqj wkh wudghr ehwzhhq vwdwlf
dqg g|qdplf h!flhqf| fkdudfwhulvlqj prqrsro|1 Wklv uhvxow/ ghulyhg e| Jloehuw
dqg Qhzehu| +4<;5,/ krogv xqghu shuihfw fhuwdlqw|1 Zkhq wkh lqqrydwlrq udfh lv
xqfhuwdlq/ dqrwkhu hhfw hqwhuv wkh vwdjh/ qdpho| wkh vr0fdoohg uhsodfhphqw hi0
ihfw/ zklfk vkrzv wkdw wkh lqqrydwlrq pljkw eh dwwdlqhg e| wkh rxwvlghu ehfdxvh
wkh lqfxpehqw uhvwv rq khu odxuhov +Uhlqjdqxp/ 4<;6,1 Ryhudoo/ wkh qhw hhfw/
dqg wkh rxwfrph ri wkh lqqrydwlrq udfh ru dxfwlrq/ lv dpeljxrxv1
D vlplodu dssurdfk lv dgrswhg e| Vkdnhg dqg Vxwwrq +4<<3,1 Wkh| gurs wkh
dxfwlrq phwdskru/ dqg wkhlu dqvzhu wr wkh txhvwlrq ri zkhwkhu prqrsro| shuvlvwv
ru qrw uholhv h{foxvlyho| rq idfwruv rshudwlqj rq wkh ghpdqg vlgh/ hfrqrplhv ri
vfrsh ehlqj dvvxphg dzd|1 Vkdnhg dqg Vxwwrq h{dplqh sulfh frpshwlwlrq lq d
prgho zkhuh hdfk surgxfw uhtxluhv wkh vdph dprxqw ri {hg frvwv/ dqg wkh|
lghqwli| wzr hohphqwv= +l, dv wr wkh prqrsrolvw/ wkh lqfhqwlyh wr lqwurgxfh d qhz
jrrg ghshqgv rq wkh pdunhw ghpdqg iru lw/ qhw ri wkh ghpdqg orvv eruqh e| wkh
h{lvwlqj jrrg ehfdxvh ri surgxfw surolihudwlrq/ zlwk sduw ri wkh ghpdqg lqlwldoo|
vdwlvhg e| wkh rog jrrg ehlqj uhorfdwhg wr wkh qhz rqh1 Wklv h{sdqvlrq hhfw
lv phdvxuhg e| wkh lqfuhdvh lq prqrsro| surwv dv d uhvxow ri lqqrydwlrq> +ll,
dv wr wkh srwhqwldo hqwudqw/ wkh lqfhqwlyh wr lqwurgxfh d qhz surgxfw ghshqgv
rqo| rq wkh devroxwh ghpdqg ohyho h{suhvvhg e| wkh pdunhw iru wklv jrrg/ zkhq
lw lv rhuhg xqghu gxrsro|/ zlwkrxw dq| h{whuqdolw| rq wkh rwkhu jrrg1 Wklv
lqfhqwlyh lv zhdnhqhg e| wkh idfw wkdw hqwu| jhqhudwhv d gxrsro| zlwk sulfh frp0
shwlwlrq1 Dffruglqjo|/ lw fdq eh odehoohg dv frpshwlwlyh hhfw1 Pdunhw vwuxfwxuh
lq htxloleulxp lv wkhq ghwhuplqhg e| wkh uhodwlyh vl}h ri wkhvh wzr hhfwv1
Zh looxvwudwh wkh sureohp wkurxjk d vlpsoh h{dpsoh1 Dvvxph wkhuh duh rqo|
wzr upv dqg wzr jrrgv/ hdfk ri wkhp ehlqj surgxfhg dw prvw e| rqh up146
Wkh +vxqn, {hg frvw dwwdfkhg wr hdfk jrrg lv 8 1 Ghqh ZEc & wkh rshudwlyh
surw +l1h1/ jurvv ri {hg frvwv, ri d up/ zkhq vkh surgxfhv  jrrgv dqg wkh ulydo
surgxfhv & jrrgv/ zlwk c & 5 ifcc 2j Khqfh/ vlqjoh0surgxfw rshudwlyh prqrsro|
surw lv ZEc f( wzr0surgxfw prqrsro| surw lv ZE2c f( dqg/ qdoo|/ lqglylgxdo
46Qrwlfh wkdw wklv dvvxpswlrq pdnhv Vkdnhg dqg Vxwwrq*v prgho vlplodu wr wkrvh ghdolqj
zlwk wkh shuvlvwhqfh ri prqrsro|/ dqg/ dw wkh vdph wlph/ txlwh glhuhqw iurp wkh ylhz dgrswhg
e| Eudqghu dqg Hdwrq +4<;7, dqg Gh Iudmd +4<<5,1
4;
gxrsro| surw zlwk vlqjoh0surgxfw upv lv ZEc  Dv d odvw dvvxpswlrq/ vxssrvh
ZE2c f : ZEc f dqg ZE2c f : 2ZEc  Wkh h{sdqvlrq hhfw lv phdvxuhg e|=
" '
ZE2c f  ZEc f
ZEc f
: fc +69,
l1h1/ e| wkh udwh ri lqfuhdvh lq wkh prqrsrolvw*v surwv zkhq vkh h{sdqgv wkh
surgxfw udqjh1 Wkh frpshwlwlyh hhfw lv phdvxuhg e|=
 '
ZE2c f 2ZEc 
2ZEc 
: f +6:,
Wkdw lv/  ghvfulehv wkh lqfhqwlyh wrzdugv prqrsrolvlqj wkh pdunhw1 Qrwlfh wkdw
 lqfuhdvhv dv sulfh frpshwlwlrq ehfrphv wrxjkhu/ dqg frqyhuvho|1 Lq wkh olplw/ li
surgxfwv duh shuihfw vxevwlwxwhv/ Ehuwudqg frpshwlwlrq lpsolhv wkdw ZEc ' f
Wkhuhiruh/ lq vxfk d vlwxdwlrq  whqgv wr lqqlw|/ zkloh " lv qlo1 Frqyhuvho|/ zkhq
wkh wzr jrrgv duh frpsohwho| lqghshqghqw/ " '  dqg  ' f Iru wkh vdnh ri
vlpsolflw|/ qrupdolvh ZEc f '  dqg frqvhtxhqwo| 8 5 Efc Vlpsoh fdofxodwlrqv
vkrz wkdw ZEc  ' 8 li " ' 28 n 28  c dqg ZE2c f ZEc f ' 8 li " ' 8
Wklv doorzv wr lghqwli| wkh htxloleulxp pdunhw vwuxfwxuh lq wkh vsdfh ic "jc l1h1/
dv d ixqfwlrq wkh uhodwlyh vl}h ri wkh wzr hhfwv1 E| xvlqj wkh uhodwlrqvklsv
" ' 28 n 28   dqg " ' 8c zh fdq lqyhvwljdwh wkh htxloleulxp wkurxjk jxuh
7/ zkhuh zh frqvlghu 8 5 E*2c 1
Iljxuh 7
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+4/4,
+4/3,
+5/3,+5/3,
+4/4,
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Wkh sdluv lq eudfnhwv lqglfdwhv wkh qxpehu ri surgxfwv vxssolhg e| upv1 Dq
lqwhusuhwdwlrq fdq eh jlyhq lq wkh iroorzlqj whupv1 Frqvlghu dq lqfuhdvh lq "c iru
d jlyhq frpshwlwlyh hhfw  dorqj wkh krul}rqwdo d{lv1 Li wkh h{sdqvlrq hhfw
lv vx!flhqwo| kljk/ erwk Ec  dqg E2c f duh Qdvk htxloleuld1 Frqvlghu wkhq wkh
rssrvlwh shuvshfwlyh zkhuh/ iru d jlyhq h{sdqvlrq hhfw "/ wkh frpshwlwlyh hhfw
lqfuhdvhv1 Revhuyh wkdw/ li wkh ydoxh ri  lv vx!flhqwo| kljk/ wkh xqltxh htxlole0
ulxp vwuxfwxuh lv prqrsro|/ eh wkdw hlwkhu vlqjoh0 ru wzr0surgxfw= lqwxlwlyho|/ dv
wkh lqwhqvlw| ri sulfh frpshwlwlrq lqfuhdvhv/ wkh grplqdqw srvlwlrq lqlwldoo| khog
e| wkh lqfxpehqw ehfrphv vdihu1 Olnhzlvh/ iru d jlyhq ohyho ri / wkh lqfhqwlyh
iru wkh prqrsrolvw wr hqodujh khu surgxfw udqjh lv lqfuhdvlqj lq wkh vl}h ri wkh
h{sdqvlrq hhfw1
Wkhvh uhvxowv/ ghulyhg xqghu d idluo| jhqhudo vhw ri dvvxpswlrqv/ fdq reyl0
rxvo| eh h{shfwhg wr krog lq pdq| vshflf vhwwlqjv dv zhoo1 D qdwxudo h{dpsoh
wkdw lpphgldwho| vsulqjv wr plqg lv hqgrjhqrxv glhuhqwldwlrq/ hlwkhu krul}rqwdo
ru yhuwlfdo1 Dv qrwhg e| Vkdnhg dqg Vxwwrq/ lq vxfk d vhwwlqj erwk wkh hhfwv
frqvlghuhg deryh ehfrph frpsohwho| hqgrjhqrxv/ dqg zloo ghshqg xsrq wkh h{0
whqw ri pdunhw fryhudjh/ lq sduwlfxodu wkh h{sdqvlrqh hhfw +l1h1/ wkh lqfxpehqw*v
lqfhqwlyh wr prqrsrolvh wkh pdunhw wkurxjk surgxfw surolihudwlrq, pd| gudvwl0
fdoo| vkulqn xqghu ixoo pdunhw fryhudjh/ dv dvvxphg/ h1j1/ e| Erqdqqr +4<;:, lq
h{dplqlqj hqwu| ghwhuuhqfh lq wkh Krwhoolqj prgho1
: Vzlwfklqj frvwv dqg pxowlsurgxfw upv
Wkh fdvxdo revhuydwlrq ri frqvxpswlrq fkrlfhv lq pdq| pdunhwv vxjjhvwv wkdw
wkrvh lqglylgxdov zkr kdyh douhdg| erxjkw d fhuwdlq surgxfw iurp d jlyhq up
pxvw ehdu d frvw +zkhwkhu uhdo ru mxvw shufhlyhg lv uhodwlyho| luuhohydqw, li wkh|
ghflgh wr sxufkdvh d jrrg rhuhg e| dqrwkhu up/ hyhq li wkhvh wzr jrrgv duh
frpsohwho| ru dw ohdvw odujho| htxlydohqw xqghu pdq| uhvshfwv1 Wklv uhdo ru shu0
fhlyhg vzlwfklqj frvw jlyhv upv vrph ghjuhh ri prqrsro| srzhu lq d uhshdwhg
sxufkdvh vhwwlqj/ ru lq wkh d!qh vhwwlqj zkhuh frqvxphuv sxufkdvh d vhw ri frp0
sohphqw jrrgv1 Dq h{dpsoh lv jlyhq e| kl0 htxlsphqwv= lw lv iuhtxhqwo| revhuyhg
wkdw d fxvwrphu ex|v doo frpsrqhqwv ri wkh vdph eudqg/ hyhq li wkhuh lv qr qhhg wr
gr vr/ lq wkdw doo surgxfwv vxssolhg e| glhuhqw upv duh uhflsurfdoo| frpsdwleoh
lq whupv ri hohfwulfdo vshflfdwlrqv147 Lq wklv fdvh/ frqvxphuv shufhlyh d frvw +ru
d glvxwlolw|, dvvrfldwhg zlwk sxuh eudqg khwhurjhqhlw|1 D glhuhqw fdvh lv wkdw
ri frpsxwhuv/ zkhuh lqghhg wkh h{lvwhqfh ri glhuhqw vwdqgdugv +Pdf yv LEP,
jhqhudwhv d wdqjleoh vzlwfklqj frvw148 Eh wkdw dv lw pd|/ zkdw pdwwhuv lv wkdw
47Wkhuh h{lvwv dq h{fhswlrq wr wklv uxoh/ qdpho|/ wkh idfw wkdw PF +prylqj frlo, dqg PP
+prylqj pdjqhw, skrqr fduwulgjhv qhhg frpsohwho| glhuhqw suh0dpsolfdwlrq vwdjhv gxh wr
wkhlu glhuhqw rxwsxw yrowdjhv1
48Wkh lvvxh ri vxsso|lqj surgxfw olqhv lq wkh suhvhqfh ri glhuhqw vwdqgdugv lv h{dplqhg lq
wkh olwhudwxuh rq frpsdwlelolw| dqg qhwzrun h{whuqdolwlhv1 Iru dq lqwurgxfwlrq dqg ryhuylhz/
vhh Vk| +4<<8/ fkdswhu 43,1
53
wkh lq xhqfh h{huwhg e| vxfk frvwv rq frqvxphu ehkdylrxu frqiurqwv upv zlwk
d wudghr/ dw dq| srlqw lq wlph/ ehwzhhq dwwudfwlqj qhz fxvwrphuv e| vhwwlqj
orz sulfhv fxuuhqwo| dqg rewdlq d uhwxuq lq wkh ixwxuh yroxph ri ghpdqg/ dqg
h{sorlwlqj wkh hvwdeolvkhg pdunhw srvlwlrq e| vhwwlqj kljk sulfhv zklfk/ lq wxuq/
p| mhrsduglvh dq| ixwxuh lqfuhdvh lq ghpdqg1
Dowkrxjk uhodwlyho| uhfhqw/ wkh olwhudwxuh rq vzlwfklqj frvwv lv zlgh +vhh Nohp0
shuhu/ 4<<8,1 Khuh/ zh frqqh wr wkh dqdo|vlv ri lwv pdlq ihdwxuhv/ e| h{srvlqj d
vlpsolhg yhuvlrq ri d prgho e| Nohpshuhu +4<<5,1 Lw lv frqyhqlhqw wr frqvlghu
uvw d gxrsro| zlwk vlqjoh0surgxfw upv1 Ghqh dv R wkh sulfh vhw e| up /
^ wkh rxwsxw ohyho/ Z wkh surw ixqfwlrq dqg r ' ^*E^ n ^ wkh pdunhw vkduh
ri up 1 Surgxfwlrq hqwdlov d frqvwdqw pdujlqdo frvw S1 Ilupv fdqqrw sulfh0
glvfulplqdwh1 Wkh qxpehu ri frqvxphuv lv  / dqg hdfk frqvxphu/ fkdudfwhulvhg
e| d uhvhuydwlrq sulfh htxdo wr -/ sxufkdvhv rqh xqlw hlwkhu iurp up  ru iurp
up 1 Dvvxph wkhuh lv rqo| rqh pdunhwlqj shulrg/ zlwk dq lqlwldo frqglwlrq
+lqkhulwhg srvvleo| iurp wkh sdvw klvwru| ri wkh pdunhw, dffruglqj wr zklfk lq
wkh suhylrxv shulrg d iudfwlrq r ri frqvxphuv sdwurqlvhg up / dqg reylrxvo| d
iudfwlrq r ' r sdwurqlvhg up 1 Hdfk frqvxphu kdv wkh vdph vzlwfklqj frvw
j1 Li wklv lv vx!flhqwo| kljk/ wkh xqltxh qrqfrrshudwlyh htxloleulxp ri wkh pdunhw
jdph lv revhuydwlrqdoo| htxlydohqw wr d frooxvlyh htxloleulxp/ lq wkdw htxloleulxp
surwv duh lqghhg wkh vdph wkdw upv zrxog dwwdlq e| frooxglqj1 Wkh uhdvrq iru
wklv lv wkdw up  fdqqrw vwhdo fxvwrphuv iurp up / xqohvv vkh ghfuhdvhv khu
sulfh dw ohdvw wr R ' R  j1
49 Dv sulfh glvfulplqdwlrq lv uxohg rxw e| dvvxps0
wlrq/ vxfk d sulfh uhgxfwlrq hqwdlov d xqlirup surw orvv rq doo fxvwrphuv lqlwldoo|
vhuyhg e| up / l1h1/ khu pdunhw vkduh r1 Lw lv hdvlo| yhulhg wkdw wklv orvv lv
odujhu wkdq wkh lqfuhdvh lq surwv jhqhudwhg iurp vwhdolqj wkh ulydo*v ghpdqg1
Wkhuhiruh/ wkh rswlpdo fkrlfh iru erwk upv frqvlvwv lq vhwwlqj wkh sulfh htxdo wr
wkh uhvhuydwlrq sulfh -1
Frqvlghu qrz wkh fdvh zkhuh hdfk up fdq fkrrvh zklfk surgxfw wr vxsso| rxw
ri d sdlu ri jrrgv/ odehoohg 4 dqg 5/ wkdw pd| eh shuihfw ru lpshuihfw vxevwlwxwhv1
Hdfk frqvxphu sxufkdvhv/ ryhudoo/ rqh xqlw/ frpelqlqj wkh wzr dydlodeoh ydulhwlhv
lq sursruwlrqv s dqg E  sc zlwk s 5 Efc  Dv d frqvhtxhqfh/ li s ' *2c
pd{lpxp glhuhqwldwlrq lv revhuyhg lq wkh frqvxpswlrq edvnhw1 Wkh xwlolw|
dffuxlqj wr d jhqhulf frqvxphu/ jurvv ri sulfh+v, dqg vzlwfklqj frvwv/ li dq|/ lv
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Sdudphwhu D phdvxuhv frqvxphu*v hydoxdwlrq ri glhuhqwldwlrq lq frqvxpswlrq/
zkloh sdudphwhu > phdvxuhv wkh glvxwlolw| lqfxuuhg e| wkh frqvxphu li kh ex|v
wkh wzr jrrgv lq glhuhqw sursruwlrqv1 Wr vlpsoli| ixuwkhu wkh h{srvlwlrq/ dvvxph
49Wkh vdph uhvxow rewdlqv li up l h{sdqgv rxwsxw vr dv wr uhgxfh sl ehorz vxfk d wkuhvkrog1
Khqfh/ lqwxlwlyho| wkh htxloleulxp rxwfrph plplfv frooxvlrq lqghshqghqwo| ri wkh vwudwhjlf
yduldeoh frqvlghuhg1
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r ' r ' *2 dqg D : 2j : -  S : > : f14: Xqghu wkhvh frqglwlrqv/ lw fdq eh
vkrzq wkdw upv jhw odujhu surwv zkhq wkh| vxsso| shuihfw vxevwlwxwhv/ wkdw lv/
zkhq erwk upv vhoo hlwkhu jrrg 4 ru jrrg 51 Wr yhuli| wklv uhvxow/ revhuyh wkdw
zkhq wkh| gr vr/ wkhlu lqglylgxdo surwv duh Z ' Z ' E-  S*2/ dv lq wkh
suhylrxv h{dpsoh1 Zkhq lqvwhdg wkh| surgxfh lpshuihfw vxevwlwxwhv/ d frqvxphu
suhylrxvo| vhuyhg e| up  rewdlqv -R li kh frqwlqxhv wr ex| iurp up / zkloh
kh jhwv -  R  j li kh vzlwfk wr up ( dqg kh rewdlqv
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li kh frpelqhv wkh wzr surgxfwv/ lq zklfk fdvh klv xwlolw| lv pd{lplvhg dw s '
*2 n ER  R*E2>1 Li D lv vx!flhqwo| odujh/ doo frqvxphuv fkrrvh wr frpelqh
wkh wzr jrrgv/ dqg wkhuhiruh surwv duh ghqhg dv iroorzv=
Z ' ER  S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Lw lv qrz hdv| wr fkhfn wkdw/ li D : jn>*ec wkh pdunhw vxejdph rewdlqlqj zkhq
upv kdyh fkrvhq wr vxsso| lpshuihfw vxevwlwxwhv kdv d xqltxh htxloleulxp lq
zklfk R ' R ' Sn > dqg Z ' Z ' >*2 Wklv suryhv wkdw/ lq wkh suhvhqfh ri
vzlwfklqj frvwv/ glhuhqwldwlrq lv qrw surwdeoh1 E| h{whqvlrq/ lw fdq eh vkrzq
wkdw wklv uhvxow fduu| ryhu wr wkh fdvh zkhuh upv lqghhg rhu surgxfw olqhv udwkhu
wkdq vlqjoh jrrgv1
Wklv lpsolhv wkdw vzlwfklqj frvwv sod| d fuxfldo uroh lq h{sodlqlqj upv* ehkdy0
lrxu lq glhuhqwldwhg pdunhwv/ zkhuh upv pd| xvh surgxfw surolihudwlrq vwudwhjl0
fdoo|1 Wkh uhdvrq iru wklv lv lqwxlwlyh= li suhihuhqfhv lqgxfh frqvxphuv wr sxufkdvh
pruh wkdq rqh jrrg/ wkhq d vlqjoh0surgxfw up lv zruvh r zkhq idfhg zlwk wkh
frpshwlwlrq ri d pxowlsurgxfw up/ ehfdxvh vkh irufhv khu rzq frqvxphuv wr
fkrrvh ehwzhhq ehdulqj d vzlwfklqj frvw ru jlylqj xs glhuhqwldwlrq/ l1h1/ wkh
frqvxpswlrq ri d surgxfw olqh14; Wklv idfw lqgxfhv hdfk up wr rhu wkh vdph
qxpehu ri surgxfwv dv wkh ulydo upv1 Krzhyhu/ wkh vriwhu sulfh frpshwlwlrq
gxh wr wkh vzlwfklqj frvwv uhgxfhv upv* lqfhqwlyhv wrzdugv glhuhqwldwlrq lq wkh
surgxfw vsdfh1 Li surgxfw olqhv zhuh glhuhqwldwhg/ frqvxphuv pljkw lqghhg sxu0
fkdvh d frpelqdwlrq ri olqhv qrwzlwkvwdqglqj wkh vzlwfklqj frvw/ surylghg wkdw
wkh ehqhfldo hhfw ri glhuhqwldwlrq zhuh vx!flhqwo| odujh1 Ehlqj dzduh ri wklv/
upv suhihu wr rhu surgxfw olqhv zklfk duh shuihfw vxevwlwxwhv iru hdfk rwkhu
4:Lq wklv h{dpsoh/ xwlolw| iurp frqvxpswlrq lv glvfrqwlqxrxv dw i @ 3 dqg i @ 4/ zklfk kdyh
ehhq dssursuldwho| h{foxghg iurp wkh dgplvvleoh lqwhuydo1 Krzhyhu/ wkh uhvxowv zh duh derxw wr
ghulyh krog iru xwlolw| ixqfwlrqv X+i, zkhuh X+3, @ X+4, @ U> X+i, @ U.+4@5i,5> zlwk
i 5 ^> 4 `> dqg/ iru dq| rwkhu i> X+i,  X+,> zkhuh  lv d srvlwlyh frqvwdqw dssursuldwho|
fkrvhq1
4;Qrwlfh wkh dqdorj| ehwzhhq wklv prgho dqg wkdw ri Eudqghu dqg Hdwrq +4<;7,/ vxppdulvhg
lq vhfwlrq 51 Ri frxuvh/ dv vzlwfklqj frvwv whqg wr }hur/ Eudqghu dqg Hdwrq*v uhvxowv rewdlq1
55
dqg h{sorlw ixoo| wkh dqwl0frpshwlwlyh hhfw ri vzlwfklqj frvwv1 Wklv lv zkdw ohdgv
Nohpshuhu wr vwdwh wkdw frpshwlqj khdg0wr0khdg pd| eh ohvv frpshwlwlyh1 Wkh
h{lvwhqfh ri vzlwfklqj frvwv lpsolhv wkdw sulfhv duh kljkhu zkhq surgxfwv duh
forvh +lq wkh olplw/ shuihfw, vxevwlwxwhv/ wkdq lq wkh rssrvlwh fdvh/ dqg wklv frq0
wudvwv zlwk wkh vwdqgdug olwhudwxuh rq surgxfw glhuhqwldwlrq zkhuh wkh rssrvlwh
kdsshqv1 Dqrwkhu uhohydqw lpsolfdwlrq ri wklv prgho lv wkdw wkh vhdufk iru pdu0
nhw qlfkhv vwloo qrw suhhpswhg e| ulydov pljkw gudvwlfdoo| orrvh uhohydqfh/ zlwk
lplwdwlrq ehfrplqj pruh uhohydqw wkdq lqqrydwlrq1
Wkh odwwhu lvvxh/ krzhyhu/ lv frqwuryhuvldo1 Lqghhg/ dv idu dv vrfldo zhoiduh lv
frqfhuqhg/ vzlwfklqj frvwv lpso| wkh srvvlelolw| iru upv wr rhu h{fhvv surgxfw
ydulhw| dv frpsduhg wr vrfldo rswlpxp +Nohpshuhu dqg Sdglood/ 4<<:,1 Wkh lq0
wxlwlrq ehklqg wklv lv wkdw/ li frqvxphuv suhihu wr sdwurqlvh d vlqjoh surgxfhu/
wkh up rhulqj d zlghu udqjh ri surgxfwv pljkw dwwudfw doo frqvxphuv1 Wkhuh0
iruh/ lqqrydwlrq zlwklq d olqh/ dqg wkxv surgxfw surolihudwlrq/ zrxog kdyh wkh zhoo
nqrzq hhfw ri vwuhqjwkhqlqj wkh srvlwlrq ri d up lq wkh pdunhw1 \hw/ h{sdqg0
lqj surgxfw olqhv pd| eh lqh!flhqw iurp wkh upv* ylhzsrlqw dv zhoo1 Jloehuw
dqg Pdwxwhv +4<<6, vkrz wkdw wkh fkrlfh ri rhulqj d surgxfw olqh e| doo upv
rshudwlqj lq d fhuwdlq pdunhw fdq eh wkh frqvhtxhqfh ri d sulvrqhu*v glohppd1
Hdfk up lv dzduh wkdw lw zrxog eh suhihudeoh wr surgxfh d vlqjoh jrrg/ li wklv
vwudwhj| zhuh dvvrfldwhg wr d fuhgleoh frpplwphqw rq wkh sduw ri hyhu| up1 Lq
wkh devhqfh ri vxfk d frpplwphqw/ surgxfw surolihudwlrq lv d grplqdqw vwudwhj|
dqg wkh rxwfrph lv lqh!flhqw iru doo upv zlwklq wkh lqgxvwu|1
; Frqfoxglqj uhpdunv
Wkh wkhru| ri surgxfw glhuhqwldwlrq doorzv xv wr xqghuvwdqg krz upv pd|
dftxluh vrph pdunhw srzhu e| ghfuhdvlqj vxevwlwxwdelolw| ehwzhhq surgxfwv/ dqg
krz upv fdq ghwhu hqwu| e| zlghqlqj wkhlu surgxfw udqjhv +Vfkpdohqvhh/ 4<:;>
Eudqghu dqg Hdwrq/ 4<;7,1 Lq grlqj vr/ wkh| idfh d wudghr ehwzhhq hfrqrplhv
ri vfdoh lq d vlqjoh surgxfw dqg hfrqrplhv ri vfrsh ryhu d surgxfw olqh +Gh Iudmd/
4<<5,1 Wklv lv sduwlfxoduo| wuxh lq wkh fdvh ri hqgrjhqrxv glhuhqwldwlrq/ zkhuh
sxuh surw lqfhqwlyhv/ lq wkh devhqfh ri hqwu| wkuhdwv/ gulyh upv wr uhgxfh wkh
zlgwk ri wkhlu surgxfw olqhv +Erqdqqr/ 4<;:> Pduwlqh}0Jludow dqg Qhyhq/ 4<;;>
Fkdpsvdxu dqg Urfkhw/ 4<;<,1
Wklv krogv dv orqj dv zh wdnh wkh surgxfhu*v ylhzsrlqw1 Dv vrrq dv wkh frq0
vhtxhqfhv rq frqvxphu vxusoxv dqg vrfldo zhoiduh duh dffrxqwhg iru/ lw hphujhv
wkdw upv* fkrlfhv duh reylrxvo| vrfldoo| lqh!flhqw/ zlwk yhu| ihz h{fhswlrqv1
Wkh ghjuhh ri glhuhqwldwlrq zklfk lv rswlpdo iru upv lv xvxdoo| h{fhvvlyh iurp
d vrfldo vwdqgsrlqw1 Pruhryhu/ wkh qhhg wr fuhdwh eduulhuv wr hqwu| ohdgv upv wr
xqghuh{sorlw vfdoh hfrqrplhv dqg idyrxu lqvwhdg vfrsh hfrqrplhv glvsursruwlrq0
dwho|1 Wklv dovr lpsolhv wkdw upv fdq eh h{shfwhg wr eh lqh!flhqw lq surgxflqj
hdfk vlqjoh jrrg/ lq wkdw wkh| zloo whqg qrw wr plqlplvh dyhudjh frvwv1 Wklv idfw
lv gulyhq e| pdunhw irufhv/ dqg lw lv exw dqrwkhu hslskdq| ri wkh zhoo nqrzq
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wudghr ehwzhhq vwdwlf dqg g|qdplf h!flhqf| vwuhvvhg lqlwldoo| e| Vfkxpshwhu
+4<75,1
Wr vrph h{whqw/ wkh lqwurgxfwlrq ri vzlwfklqj frvwv +Nohpshuhu/ 4<<5, lqwr
wkh slfwxuh uhvwruhv frqvxphuv vryhuhljqw|/ lq wkdw upv* ghflvlrqv ryhu wkhlu uh0
vshfwlyh surgxfw olqhv duh frqglwlrqdo xsrq wkhvh frvwv/ zklfk duh htxlydohqw/
rq wkh ghpdqg vlgh/ wr wkh vxqn frvwv wkdw pd| rshudwh rq wkh vxsso| vlgh1
Frqvxphu vryhuhljqw| hqgv/ wkrxjk/ dv vrrq dv wkh suhvhqfh ri vzlwfklqj frvwv
surgxfhv d txdvl0frooxvlyh pdunhw rxwfrph1 Wkhvh frqvlghudwlrqv rshq dq lqwhu0
hvwlqj shuvshfwlyh rq wkh srvvlelolw| iru upv wr h{sorlw wkh vxffhvv ri d fhuwdlq
eudqg/ l1h1/ eudqg or|dow| rq wkh sduw ri frqvxphuv/ lq h{whqglqj khu dfwlylw| lq
rwkhu pdunhwv1 Wkh vwudwhjlf xvh ri eudqg or|dow| wkurxjk xpeuhood eudqgv doorzv
upv wr hqwhu qhz pdunhwv e| ehdulqj wkh lqirupdwlrqdo frvwv rwkhuzlvh eruqh
e| frqvxphuv/ zkr/ lq wxuq/ pd| frqglwlrq wkh joredo vxffhvv ri vxfk upv1 Lq
wklv oljkw/ Nohpshuhu*v frqwulexwlrq uhfdvwv lq prghuq whupv d ghedwh rshqhg e|
Fkdpehuolq +4<66,1
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^68` Odpehuwlql/ O1 +4<<9,/ Fkrrvlqj Urohv lq d Gxrsro| iru Hqgrjhqrxvo| Gli0
ihuhqwldwhg Surgxfwv/ Dxvwudoldq Hfrqrplf Sdshuv/ 68/ 5380571
^69` Odpehuwlql/ O1 +4<<:,/ Wkh Pxowlsurgxfw Prqrsrolvw xqghu Yhuwlfdo Glhu0
hqwldwlrq= Dq Lqgxfwlyh Dssurdfk/ Uhfkhufkhv Hfrqrpltxhv gh Orxydlq/
96/ 43<0551
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^6:` Odqh/ Z1M1 +4<;3,/ Surgxfw Glhuhqwldwlrq lq d Pdunhw zlwk Hqgrjhqrxv
Vhtxhqwldo Hqwu|/ Ehoo Mrxuqdo ri Hfrqrplfv/ 44/ 56:0931
^6;` Ohghupdqq/ Z1 +4<;5/ hg1,/ Kdqgerrn ri Dssolfdeoh Pdwkhpdwlfv/ yro1 LY/
Qhz \run/ Zloh|1
^6<` PdfGrqdog/ J1P1 dqg D1 Volylqvn| +4<;:,/ Wkh Vlpsoh Dqdo|wlfv ri Frp0
shwlwlyh Htxloleulxp zlwk Pxowlsurgxfw Ilupv/ Dphulfdq Hfrqrplf Uh0
ylhz/ ::/ <740861
^73` Pduwlqh}0Jludow/ [1 dqg G1 Qhyhq +4<;;,/ Fdq Sulfh Frpshwlwlrq Grplqdwh
Pdunhw VhjphqwdwlrqB/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 69/ 7640751
^74` Pdvnlq/ H1 dqg M1 Uloh| +4<;7,/ Prqrsro| zlwk Lqfrpsohwh Lqirupdwlrq/
UDQG Mrxuqdo ri Hfrqrplfv/ 48/ 4:40<91
^75` Pxvvd/ P1 dqg V1 Urvhq +4<:;,/ Prqrsro| dqg Surgxfw Txdolw|/ Mrxuqdo
ri Hfrqrplf Wkhru|/ 4;/ 63404:1
^76` Rnxjxfkl/ N1 dqg I1 V}lgduryvn| +4<<3,/ Wkh Wkhru| ri Roljrsro| zlwk
Pxowlsurgxfw Ilupv/ Ohfwxuh Qrwhv lq Hfrqrplfv dqg Pdwkhpdwlfdo V|vwhpv
yro1 675/ Khlghoehuj/ Vsulqjhu0Yhuodj1
^77` Sdq}du/ M1 dqg U1 Zloolj +4<;4,/ Hfrqrplhv ri Vfrsh/ Dphulfdq Hfrqrplf
Uhylhz/ :4/ 59;0:51
^78` Suhvfrww/ H1M1 dqg P1 Ylvvfkhu +4<::,/ Vhtxhqwldo Orfdwlrq dprqj Ilupv
zlwk Iruhvljkw/ Ehoo Mrxuqdo ri Hfrqrplfv/ ;/ 6:;0<61
^79` Uhlqjdqxp/ M1 +4<;6,/ Xqfhuwdlq Lqqrydwlrq dqg wkh Shuvlvwhqfh ri
Prqrsro|/ Dphulfdq Hfrqrplf Uhylhz/ :6/ :740;1
^7:` Urelqvrq/ M1 +4<86,/ Lpshuihfw Frpshwlwlrq Uhylvlwhg/ Hfrqrplf Mrxuqdo/
96/ 8:80<61
^7;` Urvhqolfkw/ P1 +4<9;,/ Lqwurgxfwlrq wr Dqdo|vlv/ Johqylhz/ Vfrww/ Iruhvpdq
) Frpsdq|1
^7<` Vdors/ V1 +4<:<,/ Prqrsrolvwlf Frpshwlwlrq zlwk Rxwvlgh Jrrgv/ Ehoo
Mrxuqdo ri Hfrqrplfv/ 43/ 4740891
^83` Vfkpdohqvhh/ U1 +4<:;,/ Hqwu| Ghwhuuhqfh lq wkh Uhdg|0wr0Hdw Euhdnidvw
Lqgxvwu|/ Ehoo Mrxuqdo ri Hfrqrplfv/ </ 63805:1
^84` Vfkxpshwhu/ M1 +4<75,/ Fdslwdolvp/ Vrfldolvp dqg Ghprfudf|/ Orqgrq/ Doohq
) Xqzlq1
^85` Vhowhq/ U1 +4<:8,/ Uh0H{dplqdwlrq ri wkh Shuihfwqhvv Frqfhsw iru Htxlole0
ulxp Srlqwv lq H{whqvlyh Jdphv/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/
7/ 580881
^86` Vkdnhg/ D1 dqg M1 dqg Vxwwrq +4<;6,/ Qdwxudo Roljrsrolhv/ Hfrqrphwulfd/
84/ 479<0;61
^87` Vkdnhg/ D1 dqg M1 dqg Vxwwrq +4<<3,/ Pxowlsurgxfw Ilupv dqg Pdunhw
Vwuxfwxuh/ UDQG Mrxuqdo ri Hfrqrplfv/ 54/ 780951
^88` Vkhvklqvnl/ H1 +4<:9,/ Sulfh/ Txdolw| dqg Txdqwlw| Uhjxodwlrq lq
Prqrsro|/ Hfrqrplfd/ 76/ 45:06:1
^89` Vk|/ R1 +4<<8,/ Lqgxvwuldo Rujdql}dwlrq/ Fdpeulgjh/ PD/ PLW Suhvv1
5:
^8:` Vlqjk/ Q1 dqg [1 Ylyhv +4<;7,/ Sulfh dqg Txdqwlw| Frpshwlwlrq lq d Gli0
ihuhqwldwhg Gxrsro|/ UDQG Mrxuqdo ri Hfrqrplfv/ 48/ 8790871
^8;` Vshqfh/ D1P1 +4<:8,/ Prqrsro|/ Txdolw| dqg Uhjxodwlrq/ Ehoo Mrxuqdo ri
Hfrqrplfv/ 9/ 74:05<1
^8<` Vshqfh/ D1P1 +4<;6,/ Frqwhvwdeoh Pdunhwv dqg wkh Wkhru| ri Lqgxvwu|
Vwuxfwxuh= D Uhylhz Duwlfoh/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 54/ <;40<31
^93` Wluroh/ M1 +4<;;,/ Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq/ Fdpeulgjh/ PD/
PLW Suhvv1
^94` Zhuqhuihow/ E1 +4<;9,/ Surgxfw Olqh Ulydou|= D Qrwh/ Dphulfdq Hfrqrplf
Uhylhz/ :9/ ;75071
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